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Abstract

We introduce a class of robust control problems formulated in min—max
form, in which the principal agent is viewed as a central planner facing Na-
ture. The agent’s cost is a nonlinear function of all its possible realizations,
encompassing in particular the mean field regime where the cost depends on
the distribution of the states. In parallel, Nature favors the occurrence of out-
comes that are least favorable to the agent, at an entropic cost. We establish
existence and uniqueness of solutions under appropriate assumptions, including
suitable convexity—concavity conditions, and derive a related stochastic maxi-
mum principle. We further address a corresponding class of robust variational
mean field games in which the interaction term is subject to ambiguity, and
prove existence and uniqueness of solutions.
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1 Introduction

In this work we introduce a zero-sum non-local stochastic game in finite horizon
between two players. Throughout, the first player is referred to as ‘Nature’ and the
second one to as ‘the central planner’.

Formulation of the problem. The problem is defined on a finite interval [0, T
and a probability space (2, F,P) equipped with a d-dimensional Brownian motion
W = (Wi)sejo,r) and an independent n-dimensional random variable n representing
the initial condition of the central planner. Here, n € N* is the state dimension of
the central planner and d € N* the noise dimension to which the central planner
is subjected. The P-complete filtration generated by (n, W) is denoted by F =
(Ft)o<t<r- On this probabilistic set-up, we consider the following inf-sup non-local
(in the sense that the cost G below takes the entire random variables ¢p and X w,
and not only their realizations, as inputs) stochastic control problem:

sup inf j(‘]a¢)a J((Iﬂ/)) = R(qv¢) - S(Q)v (P)
qeQ¥eA
where
T
R(q,¥) = G(qr, X}) + E UO qsﬁ(s,ws)db’] 7 (1)

s =r[ [ w2 @)



In this formulation, equilibria are sought over open loop controls. Nature optimizes
with respect to ¢ € Q and the central planner with respect to ¢ € A, where the
admissible sets @ and A can be roughly described as follows:

e The set Q is a class of F-progressively measurable, positive-valued processes
with finite entropy S, accounting for changes in the historical measure P under
uncertainty from Nature (here and throughout, ‘positive’ is understood in the
sense of strictly positive). Precisely, a process ¢ belongs to Q if

S(g) < +ox, 3)
t t

and =1+ [a¥idst [qzi-am, te ), (4)
0 0

where Y* = (Y*)e(o,r) and Z* = (Zf)e(0,1) are two F-progressively measurable
processes with values in R and R?, respectively. The process ¢ admits an
explicit expression in terms of Y* and Z*:

g = el ¥odsg, ( /0 zr. dWs>, (5)

where (&¢( [y Z5 - AWs))iepo,r) is the stochastic exponential associated to Z*.
From now on, we denote g7P the equivalent (non-normalized) measure defined
as [, qrdP for all A € F. When [Y*| =0, ¢ = (@t)tejo,r) is a Doléans-Dade
exponential and defines an equivalent probability measure ¢grP. When |Y*| > 0,
q defines a collection of equivalent non-normalized measures (qt]P))te[QT], which
we refer to as ‘discounted measures’. We refer the reader to Appendix A for
more details about the representation of q.

e The set A consists in a class of F-progressively-measurable, R"”-valued processes
¥ = (Y1)tejo,r) such that

s <+, S =sup{E] [ qurwsﬁds} —sw). o)

qeQ

The coefficient « has to be fixed carefully and will be clearly defined in the As-
sumption A5 below, but we already mention that it should depend on the other
data of the problem. For a given control 1) € A, the state X¥ = (Xzﬁ)te[o,T} of
the central planner is the solution to

dXt = b(t7 Xt7 wt)dt + U(t7 wt)dwh XO =1, (7)

where the drift b: Q x [0, 7] x R” x R” — R™ and the volatility o: Q x [0,T] x
R” — R™? are possibly random. Implicitly, b and o are required to be F-
progressively measurable. The precise assumptions on the two of them will
be clarified later in the article; see Subsection 3.1. In particular the state
equation (7) will be assumed to be linear, but we keep it under general form
for the exposition.

Returning to (1) and (2), £: 2x [0, 7] xR™ — R is referred to as the running cost.
The coefficient f*: Q x [0,7] x R x R? — R is called the ‘convex dual’ driver (for
reasons explained below). This function f* is typically viewed as (a perturbation



of) the square of its last argument. The function G represents the terminal cost.
In its most general form, it is defined as a (measurable) real-valued mapping on
Q x LYQ, Fr,P;Ry) x L2(Q, Fr,P;R?). This formulation encompasses mean field
functions with arguments such as Q o (X7)™! with Q = &Ep( [, ZF - dW,)P; this
example motivates the term central planner for the player optimizing over 1. The
problem is thus called non-local, since the functional G requires the full information
on the terminal random variables (qT,XlTZ’) to be evaluated. In principle, we could
incorporate a running cost of a similar structure in (1), but for the sake of simplicity
and clarity, we will omit this term from the remainder of the article.

The cost functions can be interpreted as follows: when the central planner chooses
a strategy v, Nature tries to adjust the historical probability P by weighting it with
q in the worst possible way for the planner, thus maximizing the cost R(q, ). Con-
versely, once the weighting ¢ is chosen, the planner aims to select the best strategy 1
to minimize R(q, ). This is an ‘almost classic’ stochastic control problem, depend-
ing on the form of the terminal cost G. When G(qr, X}p) is written as an expectation
E[grg(Xr)], the planner solves a standard problem under the discounted measure
qP. When G(qr, X}b) takes the form G((¢rP)o (X#)_l), with G being a cost function
defined on the space M, (R™) of positive measures on R", the planner solves a mean
field control problem under the measures gP. In both cases, the running cost ¢ can
be chosen to be quadratic or to grow quadratically in ).

A preview: risk averse control problem and BSDEs. To better understand
the problem (P), we focus in this paragraph on the first of the two cases above,
namely, we assume that there exists a function g: R™ — R such that

G(qr,Xy) =E [ng(XITp)} =E° [efoTys*ng(X%”)} :

where Q is the equivalent probability measure defined by Q = E7( [, Z;-dW)P. Here
the term Y* can be understood as an actualization rate, which might be negative.
In this framework, the problem (P) becomes

sup inf J(q,9), J(q,%) = R(q,v) - S(q), (PL)
qeQ¥YEA

where
T % T S yx
R(q, ) =E? |elo Ydog(x2) + / elo Yidhy(s,1pg)ds | .
0

When ¢ € A is fixed, the penalty S(q) prevents Nature from choosing a singular
measure (relative to the historical probability P) that would only assign weight to
the worst outcome for the central planner. In fact, the problem solved by Nature
coincides with the risk-aversion problem presented in [86, Chapter 6.4], with the key
difference being that the variable Z* is bounded in [86], which greatly simplifies the
analysis. In particular, [86] provides a representation of the value of the problem
(corresponding here to the problem solved by Nature) in the form of a Backward
Stochastic Differential Equation (BSDE) driven by coefficients with at most linear
growth. In our framework, this BSDE may become quadratic, as explained in the
next paragraph.

To further fix the ideas about the ‘linear’ problem (Py,), assume that f*(¢,y*, z*) =
$|z*|?, for all (t,y*,2*) € [0,T] x R x RY, and Y* = 0. Because the actualization



rate Y* is null, ¢p is the Radon-Nikodym derivative of Q with respect to IP, that is
dQ = ¢pdP. Due to the specific form of f*, the penalty S(q) is equal to H(Q|P)
where H(Q|P) := EQ[In(dQ/dP)] denotes the relative entropy of Q with respect to P.
Then, the cost simplifies to

T
J(q, ) = B2 [9<X$> - [ s wds} _H(QIP). ®

Nature’s problem then coincides with a maximization problem that frequently ap-
pears in large deviation theory. Indeed, the Donsker—Varadhan variational formula
provides an interpretation of Nature’s optimal value as the log-Laplace transform of
a cost function defined on the Wiener space, as seen in works like [29, 55|. This
problem has a long history in economic and finance literature [39, 63|, and can be
found under different names (ambiguity, robust or risk sensitive control problem,
depending on the interpretation) We also refer to the recent contribution [20] for a
systematic analysis of entropy-penalized stochastic optimal control problems.

When considering an optimizer ¢ € Q for Nature’s problem in (Py,), the remain-
ing central planner minimization problem over @ can be reformulated as a control
problem over BSDEs:

: ¥
[
where (Y, Z) is the solution to,
—dYs = (f(t,Ys, Zo) + £(t,40)) At — Z, - AW, Yp = g(X7), (9)

and f is the Fenchel transform of f* (see (2)). This connection is presented in |86,
Chapter 6.4] in the particular case of linear growth drivers f. When f is quadratic
in the variable z, as considered throughout the remainder of the article, solving the
BSDE in equation (9) becomes more challenging. The study of quadratic BSDEs
began with the seminal work of [70] on equations driven by bounded terminal con-
ditions. For a comprehensive presentation of the standard theory, see [99], which
includes additional references. Subsequent research has extended the results on ex-
istence and uniqueness to unbounded terminal conditions, under the assumption of
finite exponential order moments [24, 25, 50]. We will return to these references in
the core of the article, as our analysis is typically conducted in the context where
the terminal value g is unbounded.

The BSDE in equation (9) can be interpreted as a nonlinear conditional expecta-
tion, specifically a g-expectation [85]. When the criterion J is given by (8), that is,
when f(s,y, z) = 3|2|?, the first component Y of the BSDE is known in the literature

as the entropic risk measure of the cost g(X%) + fOT ¢(1)4)dt. Entropic risk measures
have been extensively studied in the L> case, i.e., for bounded costs, see [7].

First contribution: From risk neutral to robust mean field control. The
main objective of our paper is twofold: first, from a technical perspective, to relax the
growth conditions of the various cost functionals in the problem (Py,); and second,
from a modeling perspective, to consider a mean field version, whose general form
is given in (P). In this regard, the problem (P) encompasses not only mean field
control problems with risk aversion but, more generally, problems in which the central
planner is subject to uncertainty, here perceived as an adverse action of Nature. A
series of examples are provided in Subsections 3.2 and 4.2 to illustrate these concepts.



In the risk-neutral case, stochastic mean field control problems are typically in-
troduced as the limiting behavior of optimal control problems defined over large
interacting particle systems. In these settings, a central planner seeks to opti-
mize an objective function that depends on the collective dynamics of the par-
ticles. This class of problems has attracted significant attention in recent years
[4, 18, 19, 27, 45, 46, 53, 73, 76]. For a comprehensive introduction to the subject,
we refer to [11, 35, 36].

In this article, we establish the stochastic maximum principle for the problem (P).
The stochastic maximum principle is a powerful tool for solving stochastic control
problems, first introduced by [72] and further developed by [14], [65], [83], and [97]. Tt
plays a central role in the stochastic mean field control and mean fied game literature
[28, 35, 36]. The standard theory of the stochastic maximum principle applies to
risk-neutral control problems and is typically formulated in an L? framework, where
both the state variables and the adjoint processes are assumed to belong to L?. To
establish the stochastic maximum principle, three key steps are typically followed:
first, proving the existence of a solution to the control problem [64]; second, deriving
the necessary conditions [84]; and third, demonstrating the sufficient conditions,
which can be shown using a simple verification argument.

Here, we move beyond the scope of the standard theory for two main reasons,
which align with the two primary objectives of our work. The first is to address a
mean field problem with a risk-averse min-max structure. Extensions of the stochas-
tic maximum principle to risk-averse problems have been studied in the context of
optimal control of Forward-Backward Stochastic Differential Equations (FBSDEs).
For example, see [82] for cases with linear growth drivers and jumps. The second
objective is to allow the terminal condition g to be unbounded. While bounded ter-
minal conditions enable the use of the BMO theory for quadratic BSDEs [66], such
assumptions are too restrictive for some applications. Moreover, they are rather
incompatible with the convexity constraints typically required in the sufficient con-
dition of the maximum principle. One natural approach to obtain stronger exponen-
tial integrability properties on v, compatible with those required in the theory of
quadratic BSDEs, would be to follow the methodology of [41, 42] and work within
an Orlicz space framework. Indeed, Orlicz spaces generalize LP spaces and, in par-
ticular, include random variables with finite exponential moments of arbitrary order,
together with their dual space, which consists of random variables with finite entropy
H. Such a dual space would be a natural candidate for carrying the variable q. That
said, adopting this approach in our setting would require working with a quadratic
driver of the form f(t,y,z) = %\z\Q For v large enough, this would provide the level
of exponential integrability needed to apply the theory of quadratic BSDEs. How-
ever, for small values of 7, to the best of our knowledge, the stochastic maximum
principle is not available even in this simpler setting. In contrast, our analysis goes
one step further: the driver f is only assumed to have at most quadratic growth,
and may in fact exhibit subquadratic growth. Our strategy is to extend the duality
inherent to Orlicz spaces of random variables to a setting involving dual spaces of
stochastic processes. This perspective motivates the introduction of the mappings S
and 8*, which define the admissible sets Q and A.

The first major contribution of this article is the proof of the stochastic maximum
principle for the problem (P). Under appropriate concavity-convexity conditions, we
show that this problem has a unique solution, where the minimizer is fully charac-



terized by the solution of a FBSDE. To establish this result, we begin by considering
a constrained version of (P), for which we identify a topological structure ensur-
ing semi-continuity, convexity /concavity, and compactness of the criterion 7 in each
variable. This preliminary analysis allows us to apply Sion’s min—max theorem and
to deduce the existence of a saddle point for the constrained problem. We then relax
the constraints by showing that there exists a level at which they are in fact non-
binding, which in turn yields the existence of a saddle point for the original problem
(P). The necessary and sufficient optimality conditions are obtained by coupling
the first-order conditions associated with Nature’s problem and the central planner’s
problem. It is worth emphasizing that the necessary conditions provided by the
stochastic maximum principle require solving FBSDEs that go beyond the scope of
the standard theory. The sufficient conditions ensure the uniqueness of these solu-
tions. In the course of the analysis, we revisit the connection between entropy-type
optimization problems and quadratic BSDEs with unbounded terminal conditions, a
connection previously established for linear functionals G in |50].

Second contribution: Robust mean field control and variational mean
field games. Mean field control (MFC) problems constitute a class of stochastic
optimal control problems in which both the system dynamics and the associated
cost functional.may depend on the distribution of the controlled state process. Such
problems naturally arise in the modeling of large populations of weakly interacting
particles, where the influence of each individual is mediated through the empirical
distribution of the population. Typical applications can be found in economics,
statistical physics, and mathematical finance. In recent years, these problems have
attracted significant attention; see, for instance, [28, 30, 34, 53, 73, 87|, among many
others. When treated from a probabilistic perspective, they are often addressed via
the stochastic maximum principle.

In this article, we introduce a robust version of this problem, where the measure
encoding the mean field interaction is biased by Nature. For a real-valued function G,
defined on the space of non-negative measures on R", we thus consider the min-max
problem

inf sup {G(Qg() +E [ /0 "l ¢S)ds] _ S(q)} , (MFC)

VEAGeQ

where (X;/’ )telo,7] is the solution to the controlled stochastic differential equation (7)

and . .
Q4 =QoX ' Q=exp </ ﬂ*ds) Er </ Z§~dWS> P.
0 0

This problem is a specification of the problem (P) when G(g, X) = G(Q%). Building
upon the stochastic maximum principle established for (P), we derive the stochastic
maximum principle for the problem (MFC) under the assumption that the mapping
G is Lions differentiable, Lions convex and flat concave.

In addition, we also study a variational mean field game (MFG) problem. In
contrast to MFC problems, which are cooperative in essence, MFGs are competitive
problems. They are defined over a continuum of players whose interactions arise
through a mean field functional. The theory of MFGs was introduced independently
in [67] and [74, 75|, and has since been extensively developed; see, for instance,
[12, 16, 31, 32, 35, 36, 37]. MFGs have found numerous applications in economics



and finance [1, 33, 57, 80|, environmental studies |69, 77|, and electricity markets [3],
to name just a few. We also refer to [35, 36] for a comprehensive monograph. The
classical theory of MFGs typically considers risk-neutral agents. A natural extension
is therefore to investigate models with risk-averse agents. Several approaches have
been proposed in this direction, each relying on different ways of incorporating risk
aversion into the representative agent’s cost functional. Risk-sensitive MFGs [79, 95]
introduce criteria depending on the variance of the state, while risk-averse MFGs
[40, 56, 59| incorporate risk measures directly into the cost functional. MFGs in
which agents optimize a worst-case criterion, using H° control techniques, were
introduced in [8]. The theory of MFGs is closely related to that of MFC, particularly
through variational (or potential) MFGs, which form a special class of MFGs. In
brief, a variational MFG can be formulated as the first-order optimality conditions
of a stochastic MFC problem [9, 10, 17, 26, 61, 62|. In particular, any solution to the
MFC problem yields an equilibrium of the associated variational game. Moreover,
when the MFC problem is strictly convex and coercive, the corresponding variational
MFG admits a unique solution.

In this article, we study the following MFG problem. Given a non-negative
measure g on R™, representing the mean field coupling, a representative agent (in
the continuum) minimizes a risk-averse objective functional

int sup Tl ) = E g € (7 >+/qu<s 6ois| ~s@.
YeAqgeQ R E T(SM 1 o ’ g

where the controlled state process (XZ/’ )telo,7) satisfies the dynamics given in (7), and
0G/dp is the so-called flat derivative of G, see Section 4 for a reminder. For a saddle
point (¢, q) € A x Q, the mean field equilibrium condition is defined as follows: the
measure g is required to coincide with the law of the terminal state X% under the
probability measure Q7 induced by Nature, that is,

p=Q%, = @qO(Xﬁ)_l, Q1=¢ (/0 Z;‘odWs> . (MFG-eq)

In other words, the MFG problem consists in finding a triple (g, v, 1), with (g,) €
9 x A and p being a non-negative measure, such that

Tlul(a,¥) = int sup Tlul(d,¢'), n=Q%0(Xp)™". (MFG)
P'eA ¢€Q
The optimization problem faced by the representative player can be interpreted as
a risk-averse (non mean field) control problem. To find the optimal strategy, the
representative agent solves a risk-averse stochastic control problem that falls within
the scope of (non-mean field) control problems addressed in this work.

Under the same regularity and concavity—convexity assumptions on G as those
used in the analysis of the robust MFC (MFC), we establish the existence and unique-
ness of an equilibrium, which ultimately coincides with the solution of (MFC). As
such, this article is the first to identify a variational structure for risk-averse MFGs.
The analysis of such robust MFGs is pursued further in our companion work [49],
where we go beyond the variational setting.

Organization of the article. The article is organized as follows. In Section 2,
we introduce the main notations and definitions used throughout the paper. Section



3 contains our main result, Theorem 10, which establishes a stochastic maximum
principle for the problem (P), together with first examples of applications. Section 4
is devoted to the mean field setting. There, we establish the existence and uniqueness
of solutions to a class of robust mean field control problems in Corollary 15, and we
then consider a related class of robust variational mean field games, proving existence
and uniqueness of equilibria in Corollary 16. Additional examples are provided in
Subsection 4.2. Finally, Section 5 is dedicated to the proof of Theorem 10.

2 Notations

In this section, we introduce the main notations used in the article. Throughout, we
work on the same filtered complete probability space (2, F,F,P) as in the definition
of the problem (P).

Spaces of random variables and random processes. We begin by introducing
the spaces of variables and stochastic processes on which our analysis relies. Unless
otherwise stated, all notations are understood to be with respect to the probability
measure P. When a different measure, say Q, is used, this will be made explicit.
For example, in the context of the first example below, we will write LP(...,Q) to
indicate the underlying measure. Moreover, for each of the spaces defined below, we
will often omit the notation R*¥ when k = 1.

Usual random variable spaces. For a given k € N* and for each ¢ € [0, 7], we denote
by L°(F;,R¥) the set of R¥ valued and JF;-measurable random variables (r.v.’s in
short). And then, we define the sets

o LP(Fi,RF) of rvis X € LY(F,RY) st | X pocr ey = E[XP] < 400, for
p < +00,
o L®(F;,RF)ofrv.’s X € LV(F;, R¥) s.t. | X || oo (7, mr) = esssup  sup | X(w)| <

weQ ie{l,...d}
+00.

Usual random process spaces. We denote by LO(IF,R¥) the space of F-progressively
measurable random processes (r.p.’s in short) with values in R*, and by S°(F, R¥)
the subset of LO(F, Rk) comprising processes with continuous trajectories. We define
the sets

[/ rT 1/p7
o LP(F,R¥) of rp.’s X € LO(F,R*) s.t. || X|| 1o ge) = E (/ \Xt\pdt> <
0

400, for p < 400,

i T p/27

o MP(F,R")ofr.p.’s X € L(F,R*) s.t. || X ppo(err) = E </ |Xt|2dt> <
0

+00,
o L®(F,RY) of r.p’s X € LO(F,R") s.t. [ Xl poommrry == sup [ Xellpoo(z, me) <
t€[0,T]

00,

e SP(F,RF) of r.p.’s X € SO(F,R¥) s.t. | X | sprrey == E | sup |X¢[?

t€[0,T]

< +00.




e D(F,R¥) of r.p.’s X € SO(F,R¥) such that the family (|X,|),, with 7 running
over the set of [0, T]-valued F-stopping times, is uniformly integrable.

The class D(F, R¥), which is the least standard among the above classes, was intro-
duced in [52, Definition 20].

Moreover, for a process X = (Xt)te[QT]a with continuous trajectories and with
values in R¥, we denote by (X} = suPsefo4) [ Xs|)eefo,r) the running maximum of the
norm of X.

Orlicz spaces. Following (3), we define the entropy function h: Ry — R:
h(z) = z(In(x) — 1), (10)
together with the two sets
e Llog L(Fr) of r.v.’s X € L°(Fr) s.t. E[h(X7)] < +o00,

e Llog L(F) of r.p.’s X € LY(F,) s.t. sup E[h(X;)] < +oo.
t€[0,T]

For any X € L°(Fr), with non-negative values, we call entropic risk measure of level
¥ > 0 of X the quantity
1
polX] = 5 InE[exp (9X)], (11)

which makes it possible to define the sets

o LBV (Fi,RFY of rv.’s X € LO(F, RY) s.t. py[| X[P] < +o0,
T
o LY (F,RF) of r.p.’s X € LO(F,R¥) s.t. py UO |Xs|pds} < o0,

o SEO(F,R¥) of rp.s X € LOF,RF) s.t. py[|X5[P] < +00,

for k € N*, p>0and t€[0,7]. When X € LY(Fr) and |X| € Lé;g)(}"T), the right-
hand side (11) still makes sense and we can define py[X| accordingly. Moreover, for
p > 0, we denote Lbx,(F;, R¥) the set of random variables X € LO(F;, R¥) such that
X e Lg&%(}},Rk) for some ¥ > 0. The sets Lbx,(F, R?) and S&, (F, R?) are defined
in an analogous way.

Spaces of measures. For a metric space (X,d), we call B(X') its Borel o-field,
P(X) the set of probability measures on X, and M (X') the set of finite non-negative
measures on X. Let p > 1 we define the sets

o Py(X) of pe P(X)s.t. [, d(zo,x)Pdu(z) < +oo for some zg € X,
o My(X) of pe€ M(X) st [, d(zo, x)Pdu(z) < 400 for some zg € X.

For any finite measure Q on  and measurable mapping X: @ — X, we denote
Qo X! or Qx, the image measure of Q by X. When f is a non-normalized non-
negative measurable function on €2, we denote by fP the equivalent non-normalized
measure Q : F 3 A — Q(A) := [, fdP. In particular, for X as before, (fP)x stands
for the image of fIP by X.

10



Lastly, for u!, 4> € P(X), we define the relative entropy by

dpt
H (|02 ::/ 1n<> dpt,
()= | m( 5y

if ! is absolutely continuous with respect to p?, and we set H(u'|u?) = +oo other-
wise. Additional material on the metric structures of P(X’) and M(X) is introduced
in Subsection 4.1.

Duality. We end this section with duality results.

Fenchel transform. The following duality is used repeatedly all along the article. By
Fenchel duality, we have, for any 2* € R and = € R (recalling the definition of A in

(10)),
exp(x®) + h(z) > z*x. (12)

We often make use of the duality inequality (12), when reformulated in the form

x*x = (Jz¥) % <h (%) + exp(¥z™) (13)
= lh(:c) — In(P)z + exp(dx™),

0,
for all ¥ > 0 and any =, x* > 0.

Duality between S and S*. By definition of S and §* in (2) and (6), we have for any
F-progressively measurable processes ¢ and (, valued in R,

s+ 2 e[ [ aicpas). (14

where S(¢) and §*(¢) might take infinite values. This inequality is a direct conse-
quence of the definition of S*. Equality holds whenever

T
g € arg max {E {/ q5|§5|2d3} - ’yS(q)} .
q7eQ 0

Dual Donsker-Varadhan variational formula. Let p € P(R™) and ¥ > 0 be such that
Jznexp(a - z)dp(x) < 4oo for all || < 9. If there is a finite constant L > 0 such
that |k(x)| < L(1 + |x|) for any € R™ then

—In exp (—k(x))du(z) = inf H(m —i—/kxdmx . (15
[ = e s+ [ ki) 1)
This formula can be found in |29, Proposition 2.3]. It remains valid even when p
does not satisfy exponential integrability, provided that k is bounded from above,
with no assumption on its growth from below.

Miscellaneous. Throughout the article, we use a generic constant C' > 0 that
depends only on the data of the problem. The value of C' may change from line to
line. As for the data of the problem themselves, they are introduced and specified in
the assumptions section.

When z and y are vectors of finite dimension, x - y denotes the scalar product
between x and y.
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3 Stochastic maximum principle

In this section, we establish the stochastic maximum principle for the (non—mean
field) problem (P). The section is organized into two main subsections. The main
result, Theorem 10, which presents the stochastic maximum principle for the problem
(P), is stated in Subsection 3.1. Its proof relies on an application of Sion’s min—max
theorem (recalled below), together with the stochastic maximum principles for both
Nature’s problem and the central planner’s problem. These two problems are treated
independently in Section 5. Two application examples are discussed in Subsection
3.2.

Theorem 1 (Sion [93]). Let M be a compact convexr subset of a linear topological
space and N a convexr subset of a linear topological space. Let v: M x N — R be
such that

1. v(+,y) is lower semi-continuous and convex on M for each y € N,
2. v(x,-) is upper semi-continuous and concave on N for each x € M.

Then we have

min sup v(x = sup min v(x
xeMye}i (z,9) yeﬁzeM (z,)

and supremum is attained whenever N is compact.

3.1 Main result

We first present the assumptions used throughout the paper, even though some
intermediate results are stated under weaker conditions. Additional assumptions are
introduced in Section 4 when discussing the mean field setting.

Assumptions. The assumptions are stated in terms of two constants, L > 0 and
r € {0,1}. They also make use of the notion of progressively-measurable field: for a
metric space (X, d) and an integer & € N*, a random field G : Q x [0,7] x X — RF is
said to be progressively-measurable if, for any ¢ € [0, T, its restriction to 2 x [0, t] x X
is F; @ B([0,t]) ® B(X)/B(R*) measurable.

A1 Initial condition and drift. The initial condition 1 in (7) belongs to L>°(Fp, R"™),
ie.
HU”LOO(JFO,W) < +00.
The drift b: © x [0,7] x R™ x R™ — R" is linear and of separated form

b(t,CC, @b) =at + bt$ + Ct?/)v

where a, b and ¢ belong respectively to L (F,R™), L= (F, R™*") and L>°(F, R"*"),
ie. |lall oo rny + |6l Loo @ mrxn) + [lc] poc @ rrxny < +o00. In particular, b is a
progressively-measurable random field.

A2 Volatility. The volatility o: Q x [0,T] x R® — R™*? is linear in the control
variable. Precisely, the n x d entries of the matrix o are of the form

(o(t,¥)ij = (W)ij +1(00)ijxr,

12



A3

A4

A5

A6

(i,j,k) € {1,....,n} x {1,...,d} x {1,...,n}, with v and o belonging re-
spectively to L°(F,R™*?) and L°°(F,R"*?) and satisfying [Vl oo (pmmxay +
||0'||Loo(F7Rn><d><n) S L

Driver. The driver f: Q x [0,T] x R x R? — R is progressively-measurable,
convex and twice differentiable with respect to its last two variables, the cor-
responding derivatives of order 2 are bounded by L. Moreover, there exist two
constants a, 8 > 0 such that ¢,

B
flty,z) < |f1+aly| + §IZ|27 (y,2) € R x R,

where f0:= £(0,0) € L>(F).

Running cost. The running cost £: © x [0,7] x R™ — R is progressively-
measurable and twice differentiable in the last variable. It satisfies

(Vllt, ) = Vbt ) - (b — ) > Tho— v/, DYt )] < L,

and [£(t,0)| < L for any ¢t € [0,T] and ,v¢’ € R™. In particular, ¢ is strongly
convex in the last variable, with a quadratic growth, uniformly in the other
variables.

Coefficients. The coefficient v in (6) is chosen as

’)/ :85 maX(l, L)eaT||FHLoo(F7Ran)HriluLoo(]F’Ran)

X (HVHLOO(]F,RTLXd) =+ 12 maX(l,L)eaTHO'HLoo(F,Rnxdxn)) 5

where I is the resolvent of the linear ODE driven by b, i.e. the solution to

d
al—‘t = tht7 te [OaT]v 1—‘0 = In7

with I, standing for the n x n identity matrix.

Moreover, when r = 0, the following smallness condition is satisfied:
T 2 —1)12 2
4Be“" L||T|| 700 g gy 1T ||Loo(1F,Ran)HVHLoo(F,Rnxd)T <1,

The choice of v is discussed in Remark 5 below, and the smallness condition in
Remark 7.

Growth of the mapping G and its derivatives. Denoting by ¢ the set of pairs
(¢, X) of Fp-measurable random variables with values in Ry x R™ such that
E[q|X|?>7"] < 400, the cost G is a real-valued function on ¢. Together with
some mappings §,G : 4 — L°(F,R) and §xG : ¢4 — L°(F,R%), which are
interpreted below as derivatives of G in the directions ¢ and X respectively, it
satisfies the growth properties:

G(q. X)| < L(1+E[1+q)|X[*7]),
—L(1+|X|+E[glX[*"]) €6,6(q, X) < L(1+|XP""+E [¢|X]*7]),
10xG(q, X)| < Lq (1+ |X|"""+E[q¢|X*"]).
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AT First order Taylor expansion of the mapping G. With ¢, 6,G and §xG as in
the previous condition, the mapping G admits the following two first order
expansions in X and ¢ respectively:

G(q, X") = G(q,X) + E [0xG(g, X) - (X' = X)] + O (E [¢|X" — X[*])
G(¢',X) = G(q, X) + E [6,9(q, X)(¢' — )] + o (E[(1 +[X[* )¢ —dl]),
where |O(r)| < er for a constant ¢ that only depends on (¢, X', X) via (any
bound for) E[g|X|?>~"] and E[q|X’|>~"], and where |o(r)| < n(r)r for a function

7 that tends 0 with r and that only depends on (¢, ¢, X) via (any bound for)
E[q|X[*7"] and E[g|X"[*~"].

A8 Concavity-convezity of the mapping G. The mapping G is concave with respect
to the variable ¢ and convex with respect to the variable X i.e., for any (g, X),
(¢', X1) and (¢, X?) in ¢, with ¢ as in (A6), and for any 6 € [0, 1].

G (0g" + (1 - 0)¢*, X) > 6G(¢", X) + (1 - 0)G(¢*, X),
G(g.0X"+(1-0)X?) <0G(q, X") + (1 - 0)G(q, X?).

Comments and examples. We provide several comments and examples to clarify
the assumptions.

Remark 2. Lower bound on the dual driver. In (2), f*: @ x [0,T] x R x R* = R is
the Fenchel transform of the driver f with respect to its variables (y, z), i.e.,

f*(tay*7Z*) = sSup {<(y*,z*),(y,z)) - f<t7y7 Z)}
(y,2)ERXRE

Since f is continuous in (y, z), the supremum in the definition of f* can be reduced
to a supremum over a countable set. We easily deduce that f* is progressively-
measurable.

Moreover, because f is twice differentiable in (y, z) with bounded second-order
derivatives, see A3, f* is c-strongly convex with respect to its last two variables, for
a constant ¢ > 0, see for instance [49] for an explicit proof.

Assumption A3 also implies that, for any (¢,y*, z*) € [0,7] x R x R,

Pty 2) > 1)+ xs(* o) + 215\2*,2, (16)

where xp denotes the indicator function of the unit ball B := {z € R, |z| <1}, i.e.,

[0, ifyren,
x8(y*) =

400, otherwise.

Indeed by the growth condition in A3, we have, for any t € [0, 7], (y*, 2*) € R x R?
and (y, z) € R x RY,

f*(t7y*a Z*) > <(y*7 Z*)’ (yv Z)> - f(t7y> Z)

> (", 2*). (0 2) — |91 — aly] — 22P

Taking, on both sides, the supremum with respect to (y,z) € R x R? and recalling
that the absolute value |- | and the indicator function xz are in duality, we get (16).
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Example 3. Mean field structure of G. As we already mentioned, the problem ad-
dressed in this section is not of mean field type. It is only in Section 4 that we clarify
our application to the mean field case, by considering cost functions G of the form

G(q, X) =G ((¢P)x),

where (¢P)x denotes the law of X under ¢PP, assuming that ¢ is a non-negative
random variable, and G is a cost function defined on the space of non-negative
measures.

Remark 4. Linearity of the state equation. The linearity of the state equation, as
guaranteed by Assumptions Al and A2, ensures the concavity of the mapping Q >
q— J(q,v) and the convexity of the mapping A > ¢ — J(q,v), which are proved
in Proposition 20 and Lemma 22, respectively. Additionally, the assumption that the
volatility is independent of the state variable is crucial for guaranteeing the existence
of a finite exponential moment of L\X%* , where X denotes the solution to the
state equation when 1 = 0. Such a property would generally fail if the volatility
depended linearly on the state variable. See also Remark 7 for further comments on
the exponential integrability of X%*.

Remark 5. On the constant v. The choice of v, as specified in A5, stems from
Lemma 32. Roughly speaking, the latter provides an a priori bound on the component
¢ of any saddle point (g,%) of (P). This bound is formulated in terms of a bound
on §*(¢) and therefore requires an appropriate choice of .

Remark 6. On the constant r. The volatility is controlled when » = 1 and uncon-
trolled when r = 0. As suggested in the previous remark, the state variable X has
finite exponential moments of sufficiently small order when the volatility is controlled
(r =1). When the volatility is uncontrolled (r = 0), stronger results can be estab-
lished, showing that X has finite quadratic exponential moments of small order, as
detailed in Lemma 42. The fact that the integrability properties are stronger when
r = 0 explains why the growth assumption A6 is more general in this case.

Remark 7. On the smallness condition on HVH%OQ (F.Rxd)- Part of our analysis re-

lies on an a priori bound for the component ¢ of an arbitrary saddle point (g, )
of (P). This bound is established in Lemma 26. To make the proof work, we re-
quire the existence of some ¢ € A (in fact, for simplicity, we choose ¢ = 0) such
that L|X$’*|2*T admits an exponential moment of sufficiently large order v (with v
depending explicitly on the other parameters in the assumptions). When r = 1, the
random variable |X%*|2_T = |X%*| admits exponential moments of all orders. When
r = 0, the random variable L|X%*|2_r = L]X%*IQ admits an exponential moment of
order v provided the smallness condition stated in A5 is in force (see Lemma 42).

It must be stressed that we require stronger integrability properties of |X%*
the case r = 0 than in the case r = 1, due to the growth conditions imposed on G. If
we were to work with the same growth conditions as in the case 7 = 1, the smallness
condition would no longer be needed.

Finally, we note that the smallness condition imposed here is reminiscent of the
integrability assumptions appearing in the analysis of quadratic BSDEs with un-
bounded terminal data; see, for instance, [25, 50]. This is not surprising, since the
characterization of the saddle points of (P) resulting from our analysis (see Theo-
rem 10) relies on a forward-backward SDE that may be quadratic (if f is). In this
respect, it is worth emphasizing that our smallness condition is not imposed at the

in
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level of the saddle point itself, but rather at the level of a single controlled trajectory.
As such, it is more explicit and easier to verify.

Remark 8. On the running cost £. In our analysis, the running cost ¢ is assumed
to be independent of the state variable. This assumption may be restrictive for
certain applications. However, our approach also allows one to consider a running
cost £': [0, T] x R™ x R™ — R that depends on the state variable x and is of separated
form. More precisely, there exists a function ¢’: [0,7] x R™ — R such that

Ot x,) = (t,z) + Lt ).

One has to assume that c is convex with respect to its second variable, and satisfies
the growth condition
| (t,x)] < L(L+|a*T).

The latter implies that

5| [ ' ol (s, X000 <2 (14| [ T wlXSPas ).

which is, in particular, enough to reproduce the proofs of the two key Lemmas 26
and 32 (up to an adaptation of the two conditions in A5).

Inequality (16) has an important consequence, which we formalize in the following
statement:

Lemma 9. Let g = (Qt)te[o,T] be an F-progressively measurable positive-valued con-
tinuous process such that S(q) < +o0c. Then,

P ® Lebjy.z ({(w,t) € Q x [0,T], [Y7| > a}) = 0. (17)

P ({/OT |Z*2ds < —i—oo}) =1, (18)

and (&(fo Z5 - AWs))ieom in (5) is a ‘true’ martingale.

Moreover,

While the first claim, (17), is quite obvious, the second one, (18), is more subtle.
Indeed, we deduce from (16) that

T
P <{/ 4s|Z7Pds < +oo}> =1.
0

And then, it is by continuity and strict positivity of ¢ that (18) follows. In particular,
it must be observed that the stochastic integral in (5) is necessarily well-defined. It
is then clear that (4) and (5) are equivalent: starting from (4), one obtains (5)
by applying It6’s formula, while the converse implication also follows from Itd’s
formula, applied to the process (In(qt));c(o,7r7, Which is well defined since g takes
strictly positive values. The fact that (&( [, Z% - dWs))iejo,r] is a true martingale is
a follows from Lemma 39, proved in Appendix A.
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Main result. The main result of this section is presented in Theorem 10 below.
We introduce the pre-Hamiltonian of the system H: Q x [0,7] x Ry x R x R x R x
R? x R" x R"® x R™® x R"*? _ R,

H(t, q,y" 2%y, 22,0, p, k) = qlyy”™ + 2 - 2" = fr(t,y", ") + L(t, ¥)) (19)
pblt 2,) + Tr(ko T (1,4)).

Although the pre-Hamiltonian H explicitly appears in Isaac’s condition discussed in

Remark 11 below, for the purpose of our analysis, it is more convenient to split it

into two parts, each corresponding to the pre-Hamiltonian used by either the central
planner or Nature:

F(t,q,y", 2%, y,2,9) :
H(t,z,v¢,pk,q):

(yy* +z- Z" - f*(tvy*a Z*) + E(t, 17[))) ’

() +p bt )+ Tlho (4 0).

=49
=49

Given ¢ € Q, we say that a tuple (¢, p, k, X) satisfies the first order condition
(Optc) for the central planner problem if (¢, p, k, X) is a solution to

—dpy = Vo H(t, X¢, ¢, pr, ke, qr)dt — kedWy, pr = 0xG(qr, X}b)a
dX; = b(t, X¢,h)dt + o(t,¢y)dW, Xo=mn, (Optco)
Wy € argming H(t, Xy, a0, pr, ki, qt), dP ® dt-a.s.

The first equation is interpreted as the adjoint equation for the central planner,
the second equation as the state equation, and the last equation as the optimality
condition. Because the last equation couples the two preceding equations, the system
above is an FBSDE. The wordings ‘first order condition’ and ‘optimality condition’
are fully justified by the statement of Theorem 10 below.

Given ¢ € A, we say that a tuple (Y, Z,q) satisfies the first order condition
(Opty) for Nature problem if (Y, Z, q) is a solution to

~dY; = 0yF(t,qu, Y, ZF, Ye, Zes o)At — Zy - AWy, Yo = 6,G(ar, X0),
dgt = qYydt + ¢ Zf - AWy, g =1,

(Y, Zr) € argmaxyw goy F(t, g0, Y™, 24, Yy, Zyyape), dP @ dt-aus.
(Optx)
The first equation is interpreted as the adjoint equation for Nature, the second equa-
tion describes the dynamics of the control variable, and the last equation is the
optimality condition. Similar to the previous one, this system of equations is also an
FBSDE.

The two systems (Optc) and (Opty) above are presented in an abstract form. To
clarify the result, we now give an explicit formulation using the concrete expressions
of the coefficients. We start with the system (Optc). Computing the gradient of the
Hamiltonian V,H and the optimality condition, we have

~dp; = b pdt — kydW, pr = 6xG(qr, X¥),
dXt = b<t7 Xt7 wt)dt + O'(t, ¢t)th7 XO =1, (2]‘)
0 = qVyl(t, ) + ¢/ pr + rTe(o] k), dP® dt-a.s,
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where we denote, by convention,

n

Tr (atTkt> = Z i(at)i,j,z(kt)i,j - (22)

i=1j=1 (=1,..d
We now turn to the system (Opty). The optimality condition is given by
(Kt*7Z:) = (8yf(t7)/;f7Zt)aazf(tu}/hzt)) (23)

Computing the derivative of the Hamiltonian d,F" and plugging the optimality condi-
tion into the backward equation, the latter equation becomes a (possibly quadratic)
BSDE by Fenchel’s duality

{ _d}/t = (f(t)}/tv Zt) + E(ta wt))dt - Zt : thu YT = 5qg(qTa de“}))

(24)
dgt = qYydt +qZf - AWy, q = 1.

For the purpose of analyzing these two systems, we define the following two
spaces. The first is the space of solutions to the system (Optc) given ¢ within a
certain sub-level set of A (which will be specified when necessary), and the second
is the space of solutions to (Opty) given ¢ € Q:

o =AxDF)x( n MPFRY) x S>7"(F,R",Q), (25)
Be(0,1)
2:2{(61,Y,Z)€Q><D(F7@)><( N Mﬁ(FaRda@))}7 (26)
B€(0,1)

where Q in the first line is the measure ¢7P. Here is now our main statement
regarding the inf-sup mean field stochastic control problem (P).

Theorem 10. There exists a unique saddle point (q,v) € Q x A to the problem (P),
i.e.

ggﬁg?éang(q,¢) = I&aéiglelﬁj(qvw = J(q,v).

Moreover, if a pair (¢¥,q) € A x Q is a solution to the problem (P), then the tu-
ples (¥, p,k, X), obtained by solving in </ the two decoupled equations in (Opty),
and (q,Y,7Z), obtained by solving in 2 the two decoupled equations in (Optc), sat-
isfy the optimality conditions in (Optx) and (Optc) respectively. Conversely, if
(V,p, k, X,q,Y,Z) € o x 2 is a solution to (Optc)-(Opty), then the pair (1,q) €
A x Q is the solution to the problem (P).

We provide a sketch of the proof based on the results established in the core of
the article. We believe this presentation will help the reader gain a global overview
of the structure of the arguments.

The strategy relies on introducing two truncation parameters. For cq,co > 0, we
define the two following sets:

Qc1 = {q S Q7 S(Q) < 61}7 (27)
Ae, = {yp € L*(F,R"), S*(¢)) <ca}. (28)

Accordingly, we define the following min-max problem, analogous to the problem
(P), but with the above two sets as restricted admissible sets:

sup inf J(q,v). (P?)

qe ch wEACQ
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Proof. Step 1: Existence of a saddle point to (P’). The problem (P’) is studied in
Subsection 5.1. Existence of a saddle point is established in Lemma 17.

Step 2: Interior solutions. By definition, any saddle point (g, ) to (P’) satisfies

J(q,0) > T(q,¢) > T(°,¥), (29)

where ¢° = (¢f = 1L)teo1) € Qe denotes the solution to ¢, = V4 [S qsYrds+ [} qs 2%
dW; with (Y*, Z*) = (0,0). Then, by the two forthcoming Lemmas 26 and 32, there
exist two constants ¢, ¢4 > 0 only depending on the data and independent of ¢; and
¢g such that (more precisely ¢, depends on ¢, which is only depending on the data)
such that

(¢,9) € (ch N Qc/l) X (Ac2 mAC/Q) .

Now choosing ¢1 and ¢y such that ¢; > ¢} and ¢z > ¢, yields that (¢,v) € Qu x Ay
and thus (g, ) is an interior solution to the problem (P’), in the sense that S(q) and
S*(¢) are respectively strictly less than ¢; and co.

Step 3: Nature’s problem. Let (q,v) € Q¢ X A be a saddle point to (P’), for
¢1 > . By the previous step, ¢ lies in the interior of Q.. Theorem 25 (whose
statement and proof are the main objectives of Subsection 5.2.1 below) says that ¢
is a maximizer of the problem

sup J(¢',v), (30)

q'€Qc,

if and only if the triple (¢,Y,Z) € 2 obtained by solving the decoupled FBSDE
in (Opty) satisfies the optimality condition in (Opty). Theorem 25 also guarantees
that the maximizer of the problem (30) is unique.

Step 4: Central planner’s problem. Let (q,v) € Q., X A, be a saddle point to (P?),
for co > ¢,. By Step 2, 1 lies in the interior of A.,. Then Theorem 31 (which is the
main result of Subsection 5.3 below) establishes that 1 € A., is a minimizer of the
problem

ot T(a,0), (31)

if and only if the tuple (¢, p, k, X) € o/ obtained by solving the decoupled FBSDE
in (Optc) satisfies the optimality condition in (Optc). Theorem 31 also guarantees
that the minimizer of the problem (31) is unique.

Step 5: Conclusion. To conclude the proof, we show that the problems (P’) and (P)
have the same set of solutions if ¢; > ¢} and cg > ¢,. We first show that any solution
to (P?) is solution to (P). To do so, we consider the tuple (q,Y, Z, ¢, p, k, X) € 2x .o,
solution to the coupled system of FBSDEs (Optc)-(Opty) (which solution is given by
the previous two steps). By the sufficiency property of the two first order conditions
(Optc) and (Opty) (see again the previous two steps), (¢,Y, Z, v, p, k, X) satisfies
the following two properties:

e for any ¢ > ¢}, ¢ is a maximizer of (30), with ¢; being replaced by ¢] therein,
and thus J(q,v) > J(¢', %) for any ¢’ € Q;

e for any ¢ > ¢}, 1 is a minimizer of (31), with ¢ being replaced by ¢ therein,

and thus J(q,v) < J(¢,v¢') for any ¢’ € A.
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Therefore, (g,) is also a solution to the problem (P), which proves in particular
that the problem (P) admits at least a solution.

We now show that any solution to (P) is also a solution to (P’), when ¢; > ¢} and
¢ > cb. Any solution (g, 1) € @x A to (P) necessarily belongs to Qe x Ay for some
¢f >0 and ¢§ > 0 (since Q@ = UuoQcy and AV = ch>0.,4f,2,). This implies that
(g,%) also lies in chl X .Ac/2 by the same argument as in Step 2. Then, by repeating
the arguments of Step 3 and 4, we deduce that (g, ) is a solution to (P’), concluding
the proof.

Uniqueness follows readily. Suppose that there exist two distinct saddle points
(¢,v) and (¢',¢') in @ x A, and hence in Qu x Ay by the analysis above. Then
at least one of the following holds: ¢ # q or ¢/ # 3. If ¢ # q, we use the
fact that the optimization problem (30) admits a unique maximizer to deduce that
J(q,v) > T(d',). By the saddle-point property of (¢’,v’), this implies

I(q,v) > T(d,¥) > T(d. ).

This is a contradiction, since both extreme terms are equal to min@z camaxgeo J (q,v).

Similarly, if ¢ # 4, then J(q,v) < J(q,¢") < J(¢',4"), which again leads to a con-
tradiction by the saddle-point property. This concludes the proof of uniqueness. [J

The system described by equations (Optc) and (Opty) is inherently coupled.
Specifically, the control ¢ played by Nature appears both in the pre-Hamiltonian H
and in the terminal condition for the adjoint variables (p, k) of the central planner,
as shown in (Optc). Similarly, the control ¢ of the central planner is present in
the driver and in the terminal condition for the Nature adjoint variables (Y, Z). As
a consequence of Theorem 10, this coupled system has a unique solution, which
characterizes the (unique) saddle point to the problem (P).

Remark 11. Isaac’s condition. At optimality, the following Isaac’s condition holds
at the optimum:
min max H(t7 qt, Y*a Z*7 Y;fa Zt; Xt7 vapt; kt)
Y (Y*,2%)

= (}I}}agi) H:pinH(t,Qt, Y*a Z*)}/;h Zt7Xt)1/}7pt7 kt)a

(32)

dP ® dt-almost surely. This follows from the combination of (Opty) and (Optc),
which say that, dP ® dt-almost surely,

(}/;t*? ZZ() € arg ma'XF(ta qt, Y*/7 Z*la }/;57 Zt7 wt)v
(Y*/7Z*/)

Yy € argmin H(t, Xy, o, pe, ke, qu).-
e
Returning back to the definition (19) of H, these two lines can be rewritten as

(n*v ZZ() € arg maXH(tv qt, YH? Z*la tha Zta Xt7 thvpta kt)a
(Y*/,Z*/)

¢t S arg mlnH<t7 qt, )/;5*7 Z;a }/;57 Zt7 Xt7 «, Pty kt)v
(0%

from which the bound min max < max min in (32) indeed follows, the converse bound
being always true.
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3.2 Examples of applications

We provide two examples of applications of Theorem 10. On purpose, the presen-
tation is informal and contains no mathematical statement. Further examples are
given in Subsection 4.2.

Risk averse portfolio management with trading costs. The first example is
inspired by [58] and considers the regime “without investment control constraints,”
in the absence of a risk-free asset, and over a finite time horizon.

Consider a financial market consisting of d € N* stocks, whose prices per share
are encoded in the form of an d-dimensional process S = (S',52,...,59), satisfying
the following SDE:

dsi

5 = cidt + (o, dW)Y, Sy =¢', Vie{l,...,d},
t

where ¢ = (¢1,...,¢%) € L®(Fo,R%) are the initial prices, ¢ = (c!,...,c%) €
L™ (F;RY) is the vector of stock appreciation rates, o € L™ (F, R?*?) is the volatility
matrix, and W = (W1, ..., Wd) is a d-dimensional Brownian motion. For simplicity
we thus assume that the number of assets is equal to the number of noise sources. We
further assume that there is no bond available on the market. For a given vector of
amounts (or allocation strategies) ¢ € A, the dynamics of the self-financing portfolio
XY is given by

d
dthwt-—St, Xo =1,
Sy

where the dot appearing on the right-hand side stands for the inner product in R?,
the initial condition is arbitrarily chosen to be unitary, and (consistently with the fact
there is no bond) the interest rate of the market is assumed to be null for simplicity.
The problem of the risk averse investor under a min-max form is given by

zgg zZIJI»Elfélj(Q7 V), (33)

where -
T(g ) = E? [X;" +3 wds} _AH(QP), Q= qrP

2
and gr = Ep( fo Z% - dWs). The problem can be interpreted as follows. Given a
probability measure Q equivalent to P, the investor optimizes the average return of
the portfolio while incurring a trading cost. Given an investment strategy chosen by
the investor, Nature then selects the worst-case probability measure Q, while being
penalized by an entropic cost. The parameter A > 0 models the level of risk aversion
of the investor.

This is a sub-case of our setting. The random processes a and b are null, ¢
is valued in R¢ instead of R™9 and ¢ in R%*? instead of R4 The terminal
cost is linear in the measure QQ o (X%)_1 and the actualization rate Y* is null. By
Theorem 10, the problem (33) admits a unique solution (1, q), characterized by
VyH(t, Xe, Y8, pis ke, qp) = 0 and ZF = 0, f(Z;), which, after computations (with &;
being viewed as a vector of dimension d), gives

1

i

V= —q; " (ptCt + UtTkt) A
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where the tuple of state and adjoint processes (Y, Z, X, p, k, q) is the solution to

—dY; = (5|Z2 + [t — Z, - AWy, Yr = X7,

dX; = cdt + 1y - (00 dW), Xo =1,
—dp; = —k; - dW, pr = qr,
dgt = A Zy - AWy, q = 1.

By the last two equations, we have that p; = ¢; and k; = Aq:Z;. Then the solution

simplifies to
1
Y = —cp — XU;Zt,

and

{ ~dY; = (5122 + [e[H)dt — Z, - AWy, Y = X7, )

dX; = - qdt + ¢y - (00 dWy), Xo =1,

which reduces the problem to a quadratic FBSDE. It seems that, due to the un-
boundedness of the terminal condition, the latter system is out of the scope of the
theory of FBSDEs with a quadratic driver (in the backward equation) [60, 78, 68].
Very briefly, existing results on the solvability of quadratic BSDEs require the ter-
minal state variable X7 and the cost fOT |¢|?dt (with ¢ standing for the optimal
control) to admit an exponential moment with a sufficiently large exponent, depend-
ing on the parameters of the problem. In the present setting, we are only able to
establish exponential integrability for small exponents. This result is not stated ex-
plicitly in the article, as it holds only in the case where the function f is genuinely
quadratic. In that case, the functional S coincides with the standard entropy and,
by a Donsker—Varadhan-type duality (see (15)), bounds on the conjugate functional
S* yield bounds on certain exponential moments of Xrp.

Here, the solution (Y, Z) to the quadratic BSDE is obtained in the rather weak
space

D(F,Q) x (] M°(FRY Q.
Be(0,1)

Because the process Y does not enjoy strong integrability properties, we are not able
to justify the following identity, which is frequently used to establish the connection
between the min—max and the risk-averse formulations:

1 1 (T
S E[exp(00)] = pa X+ 5 [ eaas]
0

where p) is defined in (11). The standard proof of this identity relies on the Hopf-
Cole transform for quadratic BSDEs. However, it would require the random variable

T
XT"‘%/ W]s|2d5
0

to admit an exponential moment of exponent A, a property which appears to be out
of reach in our framework.
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Control of systemic risk measure. Systemic risk measures are risk assessment
tools that evaluate the macro-level risk of a system composed of multiple interacting
agents. The concept was first introduced axiomatically in [38] and has since been
extensively explored in both management science [5, 13| and mathematical finance
literature [71].

Denoting by N the number of agents in the system, we consider the product space
(N XN PN = PXN) "and we equip its i-th factor with an R%valued Brownian
motion W' = (Wi)sep.r]- We denote by FN = (F)ico7) the completion of the
filtration generated by (W1 ..., W) and by QW) the analogue of Q but on the
product space, i.e. Q) is the set of ¢V € Llog L(FN) such that

N
dgy = ¢ (Z z dwg') . =1, HPYPY) < 4. (35)
=1

Below, we write QV = ¢VPN = VNP>V,

The function f* only depends on its last variable and is given, for a certain A > 0,
by f*(2(N)) = %Zfil |2%|? for any 2(N) = (2',... 2N) € [RYYN. We then denote by
AW the analogue of A but on the product space.

To simplify the presentation, we assume that the states of the agents follow
dynamics similar to the one presented in the first example, but with each driven
by its own noise W’ We also assume that the coefficients are deterministic, which
avoids the need to track how each player’s coefficients depend on the various sources
of noise. For i € {1,..., N}, the state of the i-th agent is thus given by the solution
X% of the state equation:

AX;%" =9 adt+ v odW], Xo =1, (36)

where 1’ is the control to player 1.

We now address the construction of a risk measure for the system formed by the
N agents. An initial approach would consist in summing individual risk measures
associated to each of the agents. However, as emphasized in [13, Section 2|, this
approach may fail to capture systemic risk effects in financial systems. Motivated by
the latter article, we propose an alternative construction in which individual states
are first aggregated through an increasing, convex, and nonlinear function g: R — R,
then summed, and finally evaluated via an individual risk measure, the nonlinearity
of the aggregation function being essential for practical relevance. A typical example
for g is the cost function g(x) = max{z — xo,0}, where zg € R is a finite threshold.
That said, in order to fit within our framework, in which g is typically required to
be differentiable, we consider instead a smooth version of it, sill convex, obtained for
instance via regularization. We thus define the systemic risk measure py, by letting

N

o T
P ) = [Z (s + 5 rwz2dt)]. (37)

=1

Choice of the normalization. We emphasize that the sum inside p) in the definition of
p]AV diverges as N tends to +o00. In contrast, if we normalize this sum (inside the risk
measure) by an additional factor 1/N, we obtain, in the limit N — 400, a model in
which risk aversion disappears. To see this, assume that the independence property
of the noises W', ..., W is asymptotically transmitted to the optimal controls, as in
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a standard MFC problem without risk aversion. Equivalently, restrict the definition
of p]AV to controls 1!, ..., " that are each constructed as a common progressively
measurable function of W*, for the corresponding index ¢ € {1,...,N}. Then, a
purely formal application of the law of large numbers (without further justification)
allows one to pass to the limit inside py, yielding

1 N i T T
Jm oy [NZ <g(XT’¢)+/O wz!?dtﬂ = /gdu%rm [/O !thth] , (38)

i=1
where /# = E(X;é ) and the dynamics of X¥ is given by
dX; = ¢ - cdt + 9y - (00 dWy),  Xo = 1. (39)

As announced, the risk aversion has disappeared in the limit. Intuitively, the limiting
problem (obtained by letting N — 400) is a standard MFC problem. For this reason,
we propose below an alternative construction of risk measures for N-particles system.
Solving the N-fized problem. Instead, we want to keep the sum over g(Xélw) unnor-
malized in the definition (37) of pﬁ\v . Accordingly, our objective is to explain, at least
informally, what is the behaviour of %piv as N tends to +oc.

The first step is to observe from the Donsker-Varadhan formula (15) that the
minimization of p]AV can be reformulated as as a min-max problem, i.e.,

inf  LpN(h, ... N

’L/JNE.A<N) Np)\ (w w )

= 1) goy 3 zw’) / T )

= ¢<N§2,f4<m qNsequ(N) N {E [; <g (XT + ; |t "dt
As g is convex, we observe that the min-max problem appearing in the right-hand
side enters the framework of Theorem 10, with n = N and d replaced by d x N,
with ¢V and Z2*>(V) = (Z*’i)ie{l,...,N} satisfying (35) (implicitly, @ = 0 and Y*(N) =
(Y*ieqn,...ny = 0), with ™) = (%), vy and XO) = (X3, ny solving
(36), and with the terminal cost functions

N .
#30 (x1)].
=1

1L AL
(™) =SSR (6 220) = 53120
i=1 =1

The saddle-point is characterized by

— A\H (QNyPN)} :

g (QZijvXé‘N)) =E

. . . 1
== (le+ol ki), Zi= 52},
for each i € {1,...,N}, where p} takes values in R and k! in R? and where

the tuple of state and adjoint processes (YN, ZWN) = (z1, ... zN), X)) p(N) =
(pt, -, pN), M) = (k... EN), ¢V) is the solution to

~avN = (REN AR+ AT ) d - S 7] awg,
AXP =t edt + 9t - (o dW}),
—dpi = -0 kAW,
dg =gV YN, 21 - awj,
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with terminal conditions

N
47 j N’. . 4’ 7
v =Yg X3 =1, pr=allg (X)), @' =1,
7j=1

for any i € {1,...,N}.

Towards a robust MFC problem. We now provide a heuristic derivation of the lim-
iting problem as N — +o0o. The purpose of this discussion is solely to identify the
structure of the limiting model; no claim of rigor is made at this stage. Proceeding
as in (38), we assume that, at the saddle point, the controls *, . .. , N are each con-
structed as a common progressively measurable function of the individual Brownian
motion W, for the corresponding index i € {1,..., N}, and similarly for the controls
Z*xY ..., Z%N_ Strictly speaking, such an independence structure does not hold at
the finite-NV saddle point. However, this assumption can be justified a posteriori
by reverse engineering: starting from a solution to the limiting problem, one may
construct an approximate optimizer for the finite-NV problem, which is a standard ap-
proach in mean field control theory. Under this assumption, and applying Girsanov’s
theorem (all similar changes of probability measures will be justified in the core of
the article, but we prefer not to address such technical questions in this informal
discussion), the vector X(V) = (X1, ... XN) satisfies the following dynamics under
QN: . . . . . AN

AX; =i (cr + 00 27") dt + o - o dWPY

where

t
AN . ;
(W =w; _/0 25 ds)te[O,T],iﬂwN

is (expected to be) an N-dimensional Brownian motion under QY.

And then, under Q¥ the processes (X?, ¥%);=1.... n are independent and identi-
cally distributed, which makes it possible to derive, by a new application of the law of
large numbers, the following approximation for the cost underpinning the min-max

problem:
1 N
—{EQ
N {

T
~6 (@) o ) +E|ah [ uiiPar] - 2t ah7IP).

5 (g (") + [ ) |¢i“\2dt>

=1

— A\H (QNUPN)}

1
as N — 400, where qr_lpIP’)le denotes the law of Xilp’w , regarded as a random
T

variable on (€2, F) equipped with the probability measure ¢i-P.

We thus conjecture that, in the limit, we are faced with a robust control problem
involving a single agent, but with a cost depending on the law of the agent under
the distribution resulting from Nature’s choice. In other words, we expect that the
asymptotic problem (obtained by letting N — 00) consists of the following min-max
problem:

inf sup {G(LQ(X}”)) +EQ [/OT [0 ? dt] - AH(@P)} :

YeAgeQ
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formulated on (2, F,P), where Q := gr P denotes the probability measure induced
by Nature’s strategy. A more general treatment of this problem is provided in the
next section, which is devoted to the mean field regime.

4 Applications to mean field models

In this section, we develop a robust formulation of classical mean field control prob-
lems and subsequently analyze an associated variational mean field game problem.
Subsection 4.1 is devoted to the robust mean field control problem (MFC). Relying
on Theorem 10 from the previous section, we establish in Corollary 15 the exis-
tence and uniqueness of a saddle point, together with the corresponding stochastic
maximum principle. Subsection 4.2 provides two examples of applications in this
context. Subsection 4.3 then turns to a class of variational mean field games. Build-
ing on Corollary 15, we prove in Corollary 16 the existence and uniqueness of a Nash
equilibrium, which is fully characterized by a McKean—Vlasov forward—backward
stochastic differential equation.

4.1 Robust mean field control

This subsection is dedicated to the study of the robust mean field control problem
(MFC), which we recall here

i {6 ((ar)g) +E[ [ atto.vas] - st} (MFC)

PeA qeQ
where G': M (R") — R is a mean field mapping of the positive measure (¢7P) v =
T
(grP) o def’*l and (Xzb)te[o,T} denotes the solution to the controlled stochastic dif-
ferential equation (7).
This problem can be recast as problem (P) assuming that the mapping G is
specified as follows

9(q, X) = G ((¢P)x)- (40)

When the actualization rate Y* is null, the measure ¢7P is a probability measure,
equal to Er( [, Z%-dWs), and the domain of definition of G' can be reduced to P(R").
In the latter case, G is a true mean field function. By extension, we still call the
model ‘mean field’ even if the mass of ¢gr is unnormalized.

As the domain of definition of G is larger than P;(R™), we are led, under the
assumptions below, to redefine implicitly the notion of flat and Lions derivatives.
Since the objects thus redefined coincide, in the mean field case, with the true flat
and Lions derivatives, we nevertheless use the same notations 6G/dpu and 0,G as
in the introduction. This is the rational behind the introduction of the following
distances.

Spaces of positive measures We introduce, for any p > 1, a variant of the total
variation distance, adapted to elements of M,(R") = {p € ML(R"), M,(p) <
400}, where here and throughout My(u) = [g. [z[Pdp(x). For such a p, we let
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(the proof of the fact that the right-hand side below defines a distance is left to the
reader):

dy(av) = sup [ et @), wre My, (41)

where the supremum is taken over measurable functions ¢ : R™ — R such that
lp(z)] <1+ |z

We also use the standard p-Wasserstein distance, when restricted to subsets of
measures with equal mass. Below, we refer to these subsets as “isomass subsets”. For
the same p as above, and for y and v in M,(R™) such that p(R") = v(R"), we let

Wy, v) = inf x —2'Pdr(z,2') < v,
)=t [ e o) <

7{06;1 =, Toe, =V

where €; : R” x R" 3 (21, z2) > x;, for i = 1,2.

We combine the two distances d, and W), by considering functions, defined on
Mp(R™), that are continuous with respect to d, on the entire M, (R"), and that
are continuous with respect to W), on any isomass subset of M, (R™). We prove in
Subsection D.1 of the Appendix that those functions are continuous with respect to
the so-called generalized p-Wasserstein distance, and conversely. That said, we feel
easier, in our specific framework, to use separately the two distances d, and W),
instead of the single generalized Wasserstein distance.

Assumptions We now state the required assumptions on G. We still assume Al-
A5 to hold. We recall that, the parameter r used throughout, is defined in A2.

A9 We assume that there exist two functions

‘;i My (R") xR" 5 R, 8,G: My (R") x R" — R",

with dG/op being differentiable in the second argument when the first one is
fixed such that, for any p € My_.(R™) and any = € R",

oG d
E(/b r) = d*5|e:o+G (1 +€bz), (42)

where ¢, is the delta mass at point x, and

0uGi(j1, ) = vxglcw, 2). (43)

a) We assume that these three mappings satisfy the following growth conditions:
G(w)] < L1+ My—r(p)),
0G _
~L (14 Ma—r(p) + o) < F200)(@) S L(1+ Moy ) + (27 (44)

0uG (1 2)| < L (14 Moy (1) + |2]").

b) We assume that G is continuous with respect to da_, on the entire Ma_,.(R™),
and continuous with respect to Ws_,. on isomass subsets.
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As for the derivative 6G/dp (which is already required to be locally Lipschitz,
uniformly in g, thanks to (44)), we assume it to be continuous with respect
to da_,, with a modulus of continuity that grows at most like |2z|?>~", and
that is uniform in p € Ma_,(R"™) satisfying My_,(n) < C for some C' > 0.
More precisely, for any € > 0 and C > 0, we assume that there exists v > 0,
such that, for any u,p’ € Ma_.(R™) satisfying Ma_,(u), Ma— (1) < C and
da—p(p, p') < v, we have

1
su _—
i {1 + ez

5G 5G,

By (@) = 5o )(@)

| < (15)

We also assume that, for any = € R™, u — [0G/éu](p, x) is continuous with
respect to Ws_,. on isomass subsets.

At last, we require that, when the first argument is restricted to the isomass
subset {p € Ma_,.(R"), u(R™) = c}, for some ¢ > 0, the function 9,,G is locally
Lipschitz continuous in (p,z) in the following sense: for any C' > 0, there
exists Lo > 0 such that, for any p, 4/ € Ma_,(R™) with u(R") = p/(R™) and
My (p), My (/) < C, and any x, 2’ € R™,

1

[T |0,G(p, ) = 0,G (', )| < LaWar(p, 1),

10,G(p, @) — 8,G(n,2")| < Lolw — 2’|

(46)

c) We finally assume that G is flat concave, i.e., for u, ' € Mao_,.(R™),

0G oG, , ) ,
—(p,z) — —(p,2) ) d(p —p)(x) <0, 47
L (G - 52000 = )te) (a7)
and @ is displacement convex on isomass subsets, i.e., for any u, ' € Mao_,.(R™)
with p(R™) = p/(R™), for any measure m € Mo_.(R"™ x R™) with p and p’ as
marginals,

/ ) / (0 (,2) — GG, )) - (o~ a)r(aa) 2 0. (49)

Remark 12. For presentation purpose we only consider a mean field terminal cost.
But one could also consider mean field running cost of the separated form

El(t7 1/1757 /“Lt) = E(t7 1/%) + C(Xt7 :U’t)7

where p; is the marginal law of X; under the probability measure grP induced by
Nature. The assumptions on ¢ should be analogous to the assumptions required for
g above (growth, flat differentiable and Lions differentiable, with the appropriate
regularity, flat concave and displacement convex).

Remark 13. The following comments are in order.

The first remark is that it suffices, for our purpose, to have all the above conditions
satisfied for g and p' of mass less than exp(aT’). This follows from the fact that, in
our applications, E[gr] < exp(aT).

The second observation is that the notion of displacement convexity, as men-
tioned in (48), is usually reserved to functions defined on the space of probability
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measures. In (48), we can easily recover the case when p and p' are probability
measures by normalizing them. Indeed, for a given ¢ > 0 representing the common
mass of 1 and g/, we can consider the function G(© : Py . (R"®) 3 p — G(cp). Obvi-
ously, the standard flat and Lions derivatives (according to their usual definitions for
functionals defined on Pa_,(R™), the common construction of the Lions derivative
being restricted to the case r = 0) are

5G9 6G .
5 () = e (o), 0,G' (n, ) = LG (1, ).

If G(©) has second-order derivatives in g and , then it satisfies (48) for any two
probability measures p and ' if

[ [0 @ paan)] duts)
R™ xR"™ (49)
>

(

+ [ 1 [0.0,69,0)5(0) @ 5(a) | du(o) > 0
for any bounded measurable function from R™ to itself. The above can be found
in [35, Chapter 5|, when r = 0. Returning back to unnormalized measures (i.e.,
changing p into cp), it easy to see that, when r = 0, (48) is true (whathever the mass
of p and ') if (49) is true with G being substituted for G(°). In fact, (49) remains
also a sufficient condition when r = 1: It implies (48) when p and g’ therein have
finite second-order moments; by a standard approximation argument, the inequality
remains true when g and p' are just in M;(R™). Below, we thus call Hessian of G
in the direction 8 the quantity

Hol8) = [ T [iG(n.a.a)Be) @ Bla)] du(a)dn(e)

] [0:0,G (1, x)B(x) ® B(x)] dp(x).

Constructing flat concave and displacement convex functions We first note
that any linear functional of the form

Ga(p) = | wa(o)duta), (50)

where vy : R™ — R is smooth and convex, is an ideal candidate to satisfy Assump-
tion A9. Indeed it is flat concave as it is linear in g and displacement convex by
convexity of v1. The main point is to check that v; satisfies the required integrability
properties, depending on whether » = 0 or » = 1, which prompts us to distinguish
between this two cases below.

Regardless of the integrability properties, G satisfies

oG
571@,@ = vy (2),

for any x € R™, so that (47) is trivially satisfied, and

8NG1(/L’ l‘) = V1 (SL‘),
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so that (48) is expected to be satisfied if v; is convex. In particular, the Hessian
He, (B) is equal to

Her(9) = [ T [Viui(@)B(o) © (o) du(a), 61)

which is obviously non-negative when v; is convex.

Before we discuss more in depth the integrability properties, we notice, as G is
linear in p, that any composition of Gy by a (smooth) concave function ¢ : R — R
is expected to be flat concave. Such an example can be written as

Galr) = ([ n(orante)). 52

where vy satisfies the required integrability constraints (similar to vy, as discussed
below), and ¢ is smooth and concave. In this situation, we have (at least formally),

0,Galp.) = ¢ ( [ ale)in(a)) Tovata).

and then,
i Ga(n,.0) = ( [ va@)du(e)) Vavale) © Tonte),
V.0,Gal.) = ¢ ( [ 1ale)) V2ua(o)

In particular, by Cauchy-Schwarz inequality, it is quite easy that, for p(R™) =
W (R™) < exp(aT),

Hen (B)] < Clp,va, ) /Rn (IVov2(2)]? + [V3va(2)]) dp(z), (53)

where C(p,v2, i) = max(|¢’|([gn v2dp), exp(aT) 0" |( [z v2dpr)).
To produce a wider class class of functions that are flat concave and displacement

convex, we can sum G; and G3. Indeed, we observe that Gi + Go is always flat
concave. To obtain that the sum is displacement convex, we only need to ensure
that

Ha, (/8) +/HG2(5) > 0.
Combining (51) and (53), the latter inequality holds true if

Va,y € R", Tr [V2ui(2)y @ y] > Clp,va, 1) (|Vava|® + | V2ua(2)]) [y]2.  (54)

We stress that the inequality must be true for any p with a mass less than exp(aT).
This puts an additional constraint due to the dependence of the constant C(p, ve, 1)
on u. That said, when vy is bounded, the constant C(¢,ve, ) can be bounded
independently of p, since p(R™) < exp(aT'); in that case, we can substitute C(¢, v2)
for C(¢,v2, ) and then get a condition that is independent of f.

In order to give more explicit examples, we need to take into account the integra-
bility conditions of u, as the latter dictate the growth properties of the derivatives
of v1 and vs.
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Case r = 0. When r = 0, a prototypal example is v1(z) = Ax|?/2, for A > 0.
Then, (54) holds if

C(,v2, 1) (| Vol + [VEva(z)]) < A

An interesting example is vo =  and ¢(u) = u?/2, in which case G = G1+ G4 writes

Gl =5 [ lalduta) - 5 \ | duta) 2

Here,

) =l o ([ o). 9,600 =re [ au),

and it is easy to check (44), (45) and (46). Moreover, for any measure m € Ma(R™ x
R™) with p and p’ as marginal measures,

/ (0.G(p, %) — 0,G(W, ")) - (x — &')dnm(z,2)
R7 xR™

= )\/ |z — o' |2dn(z, 2") — / (x — 2')dr(z,2))
R™xR™ R™xR™

> (@) [ ool Pdne.)
R xR™

2

with the last line following from Cauchy-Schwarz inequality, and from the fact that
m(R™ x R") = p(R™). This shows that, for A > exp(aT’), (48) is satisfied for any
w, 1/ such that u(R™) = p/(R™) < exp(aT’). At the threshold A = u(R™)(= u/(R™)),

G =7 [ o=/ Plula)duta).

Still for vi(z) = Ax|?/2, we can choose vy bounded, with bounded derivatives of
order 1, 2 and 3. In that case, it is easy to check (44), (45) and (46). Moreover, (54)
holds true if

A= sup max (|¢'|(c), exp(aT) ¢"|(c)) (I[Vav2ll3 + [ Vivallsc) -
|c|<exp(aT)[[vz2|oo

Case r = 1. When r = 1, we can no longer choose v; of quadratic growth (since
v; must have a finite integral with respect to elements of M;(R"™)). Instead, we can
work with
vi(z) = MV (x), with of(z) = (1+ |x]2)1/2,

for some A > 0. Then, for any coordinates 4,5 € {1,...,n}?,
x di j Tikj
I (z) = ——, 82 (z)= 2L — T
0=y Pt = 0y

where ¢ is the Kronecker delta here, which gives for any y € R™,
y? _ (@y)? lyl?
Tr [V2u(z)y @y :)\[ | - >\ .
Ve ] wW(z) ()3 v} ()3
If we assume that v is bounded, with bounded derivatives of order 1, 2 and 3, it is
easy to check (44), (45) and (46). Moreover, (54) holds true if

A
5 > sup max (|¢'|(c), exp(aT)|¢"|(c)) (|Vava()]* + | Vive(2)]) -
U7 (%) 7 || <exp(aT) [valloo

For instance, the above holds true if v is compactly supported and A is large enough.
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Main result The following result is standard in the literature (see for instance
[35, 89]). For completeness, the proof is given in the Appendix, see Subsection D.2.

Lemma 14. Let G satisfy A9. Then, on the same probability space (2, F,P) as be-
fore, for any two random variables q, q' with values in R, such that Elq|, E[¢'] < +o0,
and any random variable X with values in R™, such that E[q|X|*7"], E[¢|X|*™"] <
00,

G ((¢'P)x) — G ((¢P)x)

1 (55)
- /o [/]R (EF/CJ; (((0d' + (1 = 0)a)P) . x) d [(¢'P)x — (¢P)x] (x) | d,

and, for any random variable X' with values in R™, such that E[q|X'|>*~"] < +oo0,

G ((¢P)x7) — G ((¢P)x)
1 (56)
= /O E [0,G ((aP)oxr+-0)x,0X + (1 —0)X) - (X' — X)] d6.

Here is now the main result of this section:

Corollary 15. Let Assumptions A1-A5 and A9 be satisfied. Then, there exists a
unique saddle point (q,v)) € Q x A to the problem (MFC). Moreover, if a pair
(q,%) € @ x A is a solution to the problem (P), then the tuples (¢, p,k, X), obtained
by solving in o the two decoupled equations in (Optn) with the terminal condition
being specified by

pr = qr0uG ((¢rP) x7, X1),

and (q,Y, Z), obtained by solving in 2 the two decoupled equations in (Optc) with
the terminal condition being specified by

oG
Yr = — ((¢rP)x,, X1),

op
satisfy the optimality conditions in (Opty) and (Optc) respectively. Conversely,
if (W,p,k,X,q,Y,Z) € of x 2 is a solution to (Optc)-(Optx) with the terminal
condition specified above, then the pair (v, q) € A x Q is the unique solution to the
problem (MFC).

Proof. As the result is a direct application of Theorem 10, we just need to check
that the mapping G defined in (40) satisfies the Assumptions A6-A8 of the previous
section.

Step 1: G wverifies A6-A7. Let (¢, X), (¢, X’) € 4 (the definition of ¢ can be found
in Assumption A6), satisfying E[q|X’|?~"] and E[¢/|X|?>~"] < +oo. By (44), we can
easily check A6 with

G(q, X) = G((¢P)x), 0,G(q, X) = (jslcj((qP)X,X), 0xG(¢, X) = 0,G ((¢P)x, X) -
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In fact, the main point is to check that §,G and dxG are the derivatives of G, in the
directions ¢ and X respectively, as required in A7. By Lemma 14, we know that

G ((¢P)x) = G((¢P)x)

! G ,
L5 (o) af@Pis - @ox) @] 0. o
1
G (aP)x) = G {(@®)x)+ | B [00,6 ((a)xo. X) - (¥ = )] a0,
with the convenient notation X? := X’ + (1 — )X and ¢ := 0¢' + (1 — 0)q. Let us

first prove the first line in A7. For a constant C > 0 and for ¢, X and X’ satisfying
E[q|X >~ "], E[q|X’|>~"] < C, we rewrite the second line in (57) as

G ((4P)x+) = G ((¢P)x) +E [90,G ((¢P)x, X) - (X' — X)] (58)
1
+ /0 E [q <6MG ((q]P)Xe, X9> — 9,6 ((¢P)x, X)) (X' - X)} do.
By (46) we have
9,G ((aP)xo. X7) = 0,6 ((gP)x, X))
< Lo (1+ X[ E [glx - X2 4 Lelx’ - x|,

from which we deduce, by Cauchy-Schwarz inequality, that

/OIE {q (@LG ((QP)Xe,X9) — 8MG ((qP)X,X)) . (X’ _ X)} de‘

< LoE [ql X" — X,

for a constant Lj, depending on Lo and C. Inserting the above display in (58),
this proves the first line in A7. We now establish the second line in A7. where the
modulus of continuity wy, might increase. We rewrite the first line in (57) as

0G

G ((dP)x) =G ((¢P)x) + T ((¢P)x,z)d [(¢P)x — (¢P)x] (x)

+ /01 [/n <((55/Cj ((q9IP>)X,:v> - ((Ssi ((qP)X,x)> d[(¢'P)x — (¢P)x] (x)] do.

By assumption (45),

5 (pivr) -

(59)

((qP)Xa x) =

< (42w (B[(1+(XP)]g—d1]),

where w in the first line is the modulus of continuity of 6G/du in the first argument,
and is (here) independent of x but depends on ¢, ¢’ and X via C. As for ¢ on the
second line, it satisfies |p(z)] < 1+ |z|>7".
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Combining the last two displays, we obtain

iﬁ ((qP)x,x)d [(¢'P)x — (¢P)x] ()
Rr O

+o(E[1+IX[*)lg—d1]),

G ((¢d'P)x) = G((qP)x) +

where o(r)/|r] — 0 as r tends to 0, uniformly in ¢, ¢ and X satisfying the two
bounds E[q| X|?>~"], E[¢'|X|?>~"] < C. This proves the second line in A7.

Step 2: G verifies AS. Consider again (¢, X), (¢/, X') € ¢ such that E[q|X’|> "] and
E[¢'|X|>7"] < +oco. By (58) and then (48), we have

G ((gP)x) = G ((¢P)x) + E [¢0,G ((¢P)x, X) - (X' — X)]
1
+/0 %E |:q ((9MG ((qe]P))X“XVH) — 8MG ((q]P))X;X)) . (XO . X):| a6

> G((qP)x) + E [q9,G ((qP)x, X) - (X" = X)],

which proves the second condition in A8. In order to establish the first condition in
A8, we notice that, in (59),

(¢’P)x =0(¢'P)x + (1 - 0)(qP)x = (qP)x + 6 ((¢P)x — (qP)x),
and then,

G ((¢)x) = G ((@P)x) + [ 5 (aPhx.)d [((P)x — (aP)x] (o)

*/Ol/né [f;(j <(q9P)X7ﬂf) - f;f ((qIP’)X,x)} d [(q"IP)X _ (qP)X} (2)d0

<GP+ [ 5 (@Plx0)d [(P)x — (@B)x] (o)

where the last line follows by the monotonicity assumption (47). O

Perspectives Common noise. Our approach, based on the stochastic maximum
principle, would allow us to introduce a common noise into the model in a direct
manner. Similar to [31], we can think of an additive white noise manifesting in
the form of an extra term ¢%dW? in the dynamics of X, where W0 is a Brownian
motion independent of (W,7n). Alternatively, we could randomize the coefficients
independently of (W, 7). In any case, this additional source of randomness could be
represented by tensorizing the space Q (which carries the idiosyncratic noises) with
a new space ¥ (which carries the common noise). This approach is used in [36].
To incorporate this, the following changes would be necessary:

e The terminal cost would read
EO[Q(QT(W()? ')7 XT(w07 ))] - EO[G((QT(wov ')P)XT(UJO,~))]7

for any element w® € Q0. This accounts for the fact that the common noise
induces a conditioning.
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e Assuming, without significant loss of generality, that the filtration on Q° is gen-
erated by a Brownian motion (denoted W?), all the backward equations would
include an additional penalization term in the form of a stochastic integral
with respect to W9, i.e., fo Z9 . dWD. 1If the filtration were not Brownian, the
penalization could instead be written as a (possibly discontinuous) martingale,
which would make the model more complex to study.

e If the model were extended to incorporate risk aversion with respect to the
common noise, the dynamics of ¢ would include an additional term of the
form ¢°Z5 O dVV0 As a consequence, the driver of the BSDE for Y would also
depend on the additional variable Z°, where Z° arises from the martingale rep-
resentation above. Accordingly, both the adjoint process and the Hamiltonian
would have to be modified to account for this additional dependence.

N -particles system. A natural question is how the robust mean field model arises
as the limit of an N-particle control problem. A thorough and rigorous analysis
of this convergence process is beyond the scope of the present article and is left
for future work. Nevertheless, we hope that the formal arguments provided in the
second example of Subsection 3.2, as well as in the forthcoming examples presented
in Subsection 4.2, will help the reader to identify, at least at an intuitive level, the
underlying mechanisms from which the mean field model can be expected to emerge.

4.2 Examples
In this paragraph, we provide two examples that lead to a robust mean field control

problem.

Feynman-Kac path particle models. Inspired by the monograph [48], we con-
sider a large system of N weakly interacting d-dimensional particles, with Gibbs
distributions on the path space C([0, T], R")V

N . .
exp(,BL}V Z G (X;;QJ’Z,X%’QJJJ)

1,j=1

2/ X“/’ X“/”)dwr Z/ e dtD PN,

1]1

where 8 > 0 and P is the Wiener measure on Q := C([0, T], R™), ¢* : C([0, T], R™)N
R? is a progressively-measurable control for each i € {1,..., N} and

. i t
XY (wl,...,wN):wz—i—/Ow;(wl,...,wN)ds, t€0,7).

The goal is then to minimize, with respect to (¢!, ...,9"), the free energy given (up
to a logarithmic transformation) by

N . .
EXN[eXp <B[£v > e (xp X

t,j=1
1 N o s 1 N T
_ F (X’hwl X]ij) dt - / 7 th )
+2Nuz:1/0 X )ae g3 [
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In order to simplify, we assume below that the running cost F' is equal to 0, but the
analysis would be the same if F' were not trivial.

Thanks to Donsker-Varadhan’s formula (see (15)) for a remainder, the free energy
can be rewritten in the form

N _ A N T
1 N .
sup{BEXN | 5 20 G (XX ) 45D / [ 2dt
g ij=1 =170 (60)

_H (q(N)PxN’PxN> }’

where ¢V) is taken in the space of densities on Q%N with a finite entropy. We observe
that the normalization in the potential is consistent with that used in the paragraph
on risk measures in Subsection 3.2. This therefore constitutes a nonlinear version
(in the sense that the potential now depends on the empirical measure through a
second-order functional) of the previous example; for simplicity, this example is also
presented in the case of uncontrolled volatility.

Characterization of the saddle-point. If G, viewed as a real-valued function on R™ x
R™, is smooth, convex and at most of quadratic growth, then Theorem 10 applies to
the minimization of the above quantity. The saddle point of the min-max problem

(over q(N) and (zpl, e wN)) can be characterized via a 6-tuple
(Y(N)’ Z(N)aX(N)’p(N)’k(N)aq(N)%
with
ZW) = (2N oy N, XN = (X,
PN = (pMA), gy, W) = (kMY

solution of (using the notation Bg (wh ..., wN) = wg, forj=1,...,Nandt € [0,T))

( N .
—dyM = (% SN 1z

| N
2 g ) at = o, 29 - aB,
ax™M* = yidt + dB;,

(N N (N pi (61)
—dp,”"" ==Yl k- dBY,
[ 4V =gV N, 2P aB,

for ¢t € [0, T], with the optimality condition 1§ = —[quN)]_lpEN)’i and the boundary

(:()“(lili()lls
N B N e N)z N),j

. , . . A 62
P =B [0 (XX a6 (e xp)]

Similar to the discussion initiated in Subsection 3.2, the question here is to under-
stand, at least informally, how the above system is connected to the mean field control
problem described in Subsection 4.1. To better appreciate the intuitive arguments
that we present, it is worth mentioning from the analysis carried out in Subsection
5.2 (see in particular Lemma 27) that the solution of the BSDE (24) is understood
via the product ¢Y" = (¢:Y;)¢cpo,r- This prompts us to consider, here, the product
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¢NMYN) " The aforementioned Lemma 27 says that ¢™Y®) is a semi-martingale

under the probability measure qgr,N)IP’, satisfying

N N N
g™V ] = (A3 12 4 ﬂzj Lo ) at
—q ><1+Yt<N>>zj:1 ! “-dBZ, (63)
N N N),i N),j
VY = el SN 6 (X x ).

Corresponding robust MFC problem. In parallel, consider the robust mean field con-
trol problem (MFC), which we recall below for convenience:

. ﬁ ®2 é ! 2 —
infsup ¢ E G (7,y) (q7Pyw)**(dz, dy) + qs|¥s|°ds| — H (qrP|P) ¢,
’lb q 2 Rn T 2 0

where for simplicity we do not specify the sets of admissibility in which ¢ and
are taken. Generally speaking, this problem is defined on the original probability
space (2, F,P) equipped with the Brownian motion W, but we can consider, for each
i=1,..., N, the same problem but on the ith factor Q¥ and thus with respect to the
Brownian motion B* instead of W. For each i = 1,..., N, we then call (Q'i,f(i,iﬁi)
the saddle point of the corresponding problem, which exists and is unique under
the assumptions of Corollary 15. At this stage, these assumptions are taken for
granted, but we will discuss its meaning in more depth at the end of this paragraph.
Importantly, we observe that (g, Xt 1;1) is a function of the sole w’. The Pontryagin
system characterizing (¢¢, X 2,1/;’) reads

~aVi = (312iP + 519iP) de - 7} a5,
dX! =<idt + dB,

, o (64)
—dp; = —ki-dBy,
dg; =g, dB;,
for t € [0,T], with the optimality condition ¢} = —[8¢/] '} and the boundary
conditions
=4 [ [0t + 66 )] @5, o)
(65)
B =8 / [0uG (%0 2) + 0,6 (= X5) | d(@i P, (2),
We then let N
(N i ~
) = Z Y;t ) q]£ = H qt7
i=1
and, following (63), we consider the process (MY V). Tt satisfies
(N)$-(N N ; -
—a gV = (<3aM 2P+ S S 9P at
~(N N ) %
i >< +Y ) S 7, (66)

Gy N = BN s~ 1fRn[ (X4, 2) + G(z, X3 )] d(@7P) 54 (2).
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Connecting the two problems. Of course, in the above right-hand side, (Q%P)Xi is
T

independent of i and can be replaced by (G+P) XL For simplicity, we remove be-

low the index 1 and merely write (GrP) %,- The connection between the form of

the boundary condition for Q;N)?T(,N) in (66) and the form of the boundary con-
dition for qéN)Y§N) in (63) can be better understood by applying the weak law

of large numbers under the probability (j(TN) P. Indeed, since the random variables

Xilp, . ,X:]pv are independent under (jgﬂN), with (¢P) %, s common distribution, and
because [pn, g G(x,9)(GrP 5, )¥*(dz,dy) < 400 (as a consequence of Lemma 40),
we have

o (67)
S / (G(X,2)+ G, X)) (@rP) g, ) (d2)
=1

]:0.

Pay attention to the fact that the boundary conditions for (}EFN)YT(N) in (66) and

q(TN)YT(N) in (63) are of order N, whereas the two terms in the above difference are

of order 1. That said, the above display shows that (};N))}:ﬁm satisfies a bound-

ary condition similar to the one satisfied by q(TN)YT(N) in (63), up to a remainder of
order o(N) = ey N with ey converging to 0 in L! under P. This makes it possi-
ble to view the process §VY(N) as a ‘nearly solution’ of the equation satisfied by
g MY ™) but with ¥ replaced by 1[)1 in the generator of the backward component,
and (X;N)’l, . ,X:(FN)’N) replaced by (X%, - ,X}V) in the terminal condition.

By the same argument, one can multiply each p* in (64), for ¢ € {1,..., N},
by ™ (§)~!. The resulting process ¢N)(¢)~ 5" remains a local martingale, and
its boundary condition satisfies, up to a new remainder of order o(N), a boundary
condition similar to the one satisfied by p¥)? in (62). This shows that the pro-
cess ¢V )(éji)_lﬁi is a ‘nearly solution’ of the equation satisfied by p®¥)* but with
(X;N)’l, ... ,XZ(FN)’N) replaced by ()N(%,, - ,X%V) Next, rewriting the identity

v =—(83)'hi
in the form .
0= —(Ba™) ™ @),
we observe that 1;1 can be expressed in terms of ) and gV )(di)_lﬁi via the same

function that allows one to express ¢ in terms of ¢¥) and p(V):.
Altogether, this shows that the tuple

(?(N)7 Zl? R ZN? Xl? A 7XN7 q(N)7 q(N) (ql)_1ﬁ17 R 7d(N) (qN)_lﬁN)
is a nearly solution of the forward—backward system solved by the tuple

(Y(N)7 Z(N)’:l? MR Z(N)7N7 X(N)71) ttt 7X(N)’N’p(N)717 A ’p(N)7N’ q(N))7

which makes the connection between (60) and the robust MFC problem.

Assumptions on G. We now comment on the assumptions needed to apply Corol-
lary 15 in the analysis of the robust MFC problem.
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Quite surprisingly, although the convexity of G suffices to apply Theorem 10 in
order to characterize the saddle points of (60) —because the map (q,z1,...,2,) —
qzm-:l G(x;,xj) is linear in ¢ and convex in (x1,...,2,)—, it does not suffice to
apply Corollary 15. Indeed, the map

pEPARY) = | Gla,y)dp*(z,y)
(R™)
is displacement convex —as a consequence of the convexity of G— but may fail to
be flat concave. For instance, if G(z,y) = ¢(z)p(y), for some non-negative convex
function ¢ : R™ — R, then G is convex. However, for any u € Po(R™),

t) = [ Gwnarty = ([ e i)

which shows that the function I' : u € Po(R™) — I'(p) is flat convex.

Additional conditions are therefore required to apply Corollary 15. Although, in
the previous paragraph, we did not provide a complete proof but only some intuition
to justify the passage from (61)-(62) to (64)-(65), we believe that the need for
extra assumptions to ensure existence and uniqueness of a solution to the mean field
problem reflects the price to pay for passing to the limit (as N — oo) in the original
problem (60).

Following the discussion in the previous subsection, we now provide an example
of a class of convex functions G for which p € Po(R™) +— I'(u) is flat concave. If G
itself is not convex but I is flat concave, one may replace G by the function (x,y)
G(z,y) + a(|z|> + |y|?), for a > 0 large enough, in order to enforce displacement
convexity while preserving flat concavity. Thus, the remaining task is to provide an
example of a function G for which I is concave. One such example is given by any
function of the form

k
(z,y) = = Y Aihi(z) hi(y),
=1

where k£ > 0, A\; > 0, and h; is a smooth function with bounded derivative, for each
i=1,...,k

Robust approximation of a Gibbs measure on the path space. We now
present another example, building on the previous one, but which corresponds to the
robustification, with respect to the central planner’s strategy 1, of a control problem
defined on Nature’s state g. It is inspired by recent works on stochastic algorithms
(a more precise list of references is given below).

Given a potential W defined on the Wiener path space © = C([0,T],R%), one
wants to approximate the normalized Gibbs probability measure

1
prarget .— Z P (-W)P,  with Z :=Elexp(-W)], (68)
by the law of a controlled diffusion process of the form (say to simplify that Xg’ =0)

dX? = ¢t +dBy, te[0,T). (69)

(Here, we use the notation B instead of W for the canonical process, with is a
Brownian motion under the Wiener measure P; this to avoid confusion with the
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potential W.) Typically, W(w), where w = (w¢)¢e[o,7] denotes the generic element of
the space (2, is chosen as

W(w) = G(w;) + /OT F(wy)dt, (70)

where 7 is the realization, at w, of a stopping time, usually chosen as the first exit
time of w from a given domain. Obviously, the structure of W described above is
especially adapted to Markovian dynamics, which leads us to choose, in this situation,
the control (¢¢),c(o,7) in a Markov feedback form (¢ = ®(t, Xt))iec(0,1)-

FEzact solution to the targeting problem. In fact, under standard assumptions covering
the Markovian framework, one can find a control ¢ such that the law Po (X¥)~! of

(XY )eefo,r] under P perfectly matches the target distribution P**&*, j.e.

Po (Xl/))*l _ Ptarget. (71)

Assume indeed that one can solve the FBSDE system (for simplicity, we do not
specify the spaces in which solutions are taken because this would be useless for the
rest of the paragraph)

—dY; = 3|Z,2dt — Z,-dB,, Yr = W(X), )
dX; = —Z;dt +dB;, Xo=0.
Then, the backward equation can be reformulated as
exp (W (X)) & </ Z,n-dBr> — exp(~Yo), (73)
0

where we recall that Y) is deterministic (as it is the initial value of the BSDE in (71)).
We deduce that, for any bounded and measurable function ® : C([0, 7], R?) — R,

E |exp (Yo — W (X)) & (/O ZT~dBT> (I)(X)} —E[®(X)].

Thanks to the forward equation in (72) and provided that the Girsanov transfor-
mation can be rigorously applied, we observe that the left-hand side is equal to
E[eYo="®], because the law of X under ST(fd Z, - dB,)P is the same as the law of
B under P. Since the function ® is arbitrary, this proves that the law of X under P
is the Gibbs measure P8 as required.

The analysis of the FBSDE (72) is standard in the Markovian setting. In this case,
there exists a function ¥, given as the solution of an auxiliary nonlinear parabolic
PDE (see [35, Chapter 3]), such that (Z; = —VU(t, X;))sc[o,7]- In particular, one can
express Po X~ as Ep( [, 1y - dB;)P, where 1hy(w) = ¥(t,w;) (the latter is different
from —Z;(w) = ¥(t, X¢(w))).

Reformulation as a Nature optimization problem. Interestingly, this targeting prob-
lem can be recast as a minimization problem in the space of probability measures.
Indeed, using Donsker-Varadhan’s lemma, it holds, for any control (<Z5t)te[0,T] such
that the measure P? := Ep( [, ¢ - dB;)P has a relative finite entropy H (P?|P),

~In(E[exp(-W)]) < E {ng} +H (W( 1@) . (74)
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When ¢ is equal to v, the right-hand side becomes

=[] < (s2]7) = b ()] w11 (e 0x0y )

1 /T

IE[W(X)+/ |Zt|2dt],
2Jo

which is equal (thanks to (72)) to E[Yp] = Elexp(—W)] (with the latter following

from (73) and a new application of Girsanov’s formula). Therefore, v solves the

minimization problem

) dp? "

%f{E[dPW]—FH(P‘P)}, (75)
hence connecting the targeting problem (71) and the minimization problem (75). For
example, these two problems are tackled in control based importance sampling meth-
ods for diffusion processes (see for instance [81, 90| and [92, Chapter 6], from which
we borrowed part of the presentation) and in diffusion based models for generative
adversarial networks (see for instance the fine tuning analysis provided in [94, 96]
and the MFC interpretation of score matching approaches [98]).

In fact, the connection between the targeting problem (71) and the minimization
problem (75) can be better understood by reformulating the latter, and then by
observing that 1 solves

1
iI(;fH (W ‘ZeWIP’> , (76)

the optimal value being equal to 0. Above, we recall that Z = Elexp(—W)].
Rephrased in our framework, the density dP?/dP appearing in both (75) and (76)
must be identified with Nature’s state gr at terminal time. Therefore, the two prob-
lems can be regarded as optimal control problem for Nature (even though the original
problem (71)) is formulated as a control problem for the player).

Robust version. Now, consistently with the robust approach introduced in this work,
one can think of a situation where there is some uncertainty on the precise form of
the potential W in the targeting measure eV - P in (68). We thus change W into
W(X?), with X¥ as in (69). Intuitively, this says that there is some uncertainty
on the ‘observed values’ of W, say for instance because the potential is computed
along an approximation of the canonical process (as in the stochastic algorithms cited
above).

Next, we introduce two related min-max problems. The first problem is a robust
version of (75):

T
inf sup {H (Q1P)+E [qTW(X¢) — ;qT/O Wh&’zdt} } , Q1 =gqrP, (77)

qeQ PEA

which is quite similar to the second example in Subsection 3.2 and to the first example
in this subsection. The second one is a robust version of (76):

- p) 1 L v Lo
inf sup<H <Qq ’G > - iE qr | =dt| ¢, GY = —e P
0

) 78
9€Q yecA Zv (78)

with Z¥ = E[exp(—W(X?))].
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The two problems are not the same because of the presence of the normalization
constant in the second one. In both situations, the penalty term —%qT fOT |92 dt
should be regarded as a regularization of the problem that just amounts in replacing
the original potential W(X¥) by the effective one W(X¥) — qr fOT |[4¢|2dt. Also,
the term W(X?) itself can be chosen as a function of the realization of the path but
also of its statistical distribution under IP. For instance, a typical choice, consistent
with the previous example on Feynman-Kac models, is

W(XY) =W (X%,Po (X;")*l) :

Ezxplicit computation. When W is (say) a concave function of the terminal state,
the first problem (77) satisfies our concavity-convexity conditions and there exists a
(unique) saddle point to the min-max problem. To better illustrate the result, we
just focus on the case when d = 1 and W(w) = —pwr, for some parameter 5 € R.
Then, very similar to the risk averse portfolio management problem addressed in

Subsection 3.2, the unique saddle point (g,%) can be found explicitly. Here,

Y = =P, (79)
and
1 1T 1 1
ir=gow (W) - 5 [ 1) = Zew (580 - 70) - 578 (0
where )
Z=E [exp <ﬁ(BT ~TB) — 2Tﬁ2>] = exp(—T5%). (81)

The second problem (78) is more difficult to handle. Using the explicit form of
Z¥ (and expanding the various logarithms inside the definition of the entropy), it
can be rewritten as

1 T
inf sup{E [qTW(Xw) - QT/ |¢t|2dt}
9€Q e A 27 Jo

+1n (B [exp (-W(X*))] ) + 1 (Q7P) }

Here we recall from (74) that the cumulant generating function appearing on the
second line of the right-hand can be reformulated as the supremum (over ¢) of
E[—(dP?/dP)W(X"¥)] — H(P?|P). In particular, if W is concave, then —W is convex
(in X%) and the supremum (over ¢) is also convex in X% . As a result, it is not
clear whether the cost is concave in 1, which prevents any application of the results
obtained in the article.

Nevertheless, one can use the saddle point (g,1)) obtained for the problem (77)
in order to gain some insight into the problem (78). Indeed, by the saddle point
property, we have

- P L ’ T2 = P 1 . 2
oo (%) =g W] s arw (7)o | pa]
27 Jo ¥ 27 Jo
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By concavity of the cost function (with respect to 1), one deduces that, for any
_ 1 T 1 T
E [QTW (Xw) - 2QT/ Wtzdt] > E [QTW (Xw) - 2QT/ |¢t|2dt:|
0 0
11 [T 712
+§E qr ‘%ﬁt—%bt} dt| .
0
And then, by expanding the logarithm inside the definition of the entropy,
- 1 T _
IlcY) — ZF | 2
H(Q1]6%) - 5 |ar [ 1Pl
_ 1 T _ ~
— = v\ _ ~ & 2 _ P q
E [qTW (x7) 2qT/0 1] dt] +1n (E exp (-W(x%))] ) + H(Q7P)

> (@0[6%) - 8 [ar [ el + . 0)

™ 1 E [exp (-W(X"))] . T o2
A, 9) =1 (E[exp(_w(m)]>+21€ [qT/O e = W] dt},

which gives a way to control the variation A(1p, 1) of the cost when 1 is deviating
from 1. We can illustrate this idea in this example, by means of in (79)-(80)—(81).
We have

A, ) =—In (M) +3E [qT /OT!wt - wt\zdt]

1 T _
— — ln{E [exp </BBT - 2/32T> exp (ﬁ/ [0 — 4] dt)] }
0
T
+ %E [exp <5BT — ;52T> /0 |y — wtfdt] .

This gives a way to control the output performance in terms of the disturbance,
which principle is underpinning the theory of H>-control (see [6]).

4.3 Variational mean field games

In this section, we formulate a mean field game problem that is closely related to
the robust mean field control problem introduced in the previous section, and that
even derives from it for some specific choice of the coefficients. The latter situation
is an extension, to the robust setting, of the connection that exists between mean
field control problems and potential mean field games.

Generally speaking, a mean field game is defined as a fixed point problem on
the distribution of a control problem (with the latter being solved by a so-called
representative agent in a continuum of agents). In our case, the fixed point problem
is set on a generic non-negative measure u € Mo_,(R™); given pu, the representative
agent minimizes a risk-averse objective functional

T
Jg&zggﬂu](qalﬁ), Tul(q,v) =E [QTQ(H’X%}) +/0 qsf(Sﬂ/Js)dS] -S(q), (Pu)
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where the controlled state process (th Jtelo,r) satisfies the dynamics given in (7).
Assuming that, for each u € M2?~"(R"), the function (g, X) +— qg(u, X) satisfies the
assumption of Theorem 10 (we clarify the choice of g right below), we can denote by
Y* and ¢* the optimal controls of the representative agent and of Nature, respectively.
The fixed point condition requires that the measure p coincides with the law of the
terminal state X%H under the measure qéﬁ[[” induced by Nature, that is,

p=(dhP) o (X8 (MFG-eq)

The mean field game problem thus consists in finding a triple (q,v,u) € Q x A x
My (R™) such that

Tll(a.¥) = inf, swp Tl(@\ ¥, 1= (arP)o (Xp) ™" (MFG)

Here are the assumptions required on g.

A10 We assume that there exists a function G: Ms_,(R™) — R, satisfying Assump-
tion A9, such that the mapping g: Mao_,.(R") x R" — R satisfies g(u,x) =
0G /op(p, ) and, thus, Vyg(p, ) = 0,G (i, v).

Generally speaking, a mean field game problem is said to be variational if the
associated mean field game system can be interpreted as the first-order optimality
condition of a variational problem. Usually (i.e., in standard mean field games), the
criterion of the variational problem involves a potential functional whose derivative
—understood in a suitable sense— coincides with the interaction cost of the game (see,
for instance, [26] when the mean field game is formulated as a system of PDEs, and
[35, Chapter 6] for the probabilistic counterpart). Here, the mean field mapping
G: My_(R") — R introduced in the above assumption plays the role of the po-
tential, with the derivative understood in the flat sense for Nature and in the Lions
sense for the representative player.

Corollary 16. Let Assumptions A1-A5 and A10 be satisfied. Then, there exists a
unique mean field game equilibrium (¥, q,pu) € A x Q x Mo_.(R™), to the problem
(MFG), where we recall that r is defined in Assumption A2. The equilibrium is
fully characterized as the solution to the system formed by (Optn)—(Optc) with the
terminal conditions in the first two systems being replaced by

pr = arVag(Xy,p), Yr=g(X{, p), (82)
complemented by the equilibrium condition (MFG-eq), namely p = (qTIP’)Xw.
T

Proof. Step 1: Necessary and sufficient condition for equilibrium. Let p € Mo_,.(R™).
Applying Corollary 15 to the parametrized mean field mapping G[u]: Ma_.(R™) —
R defined as follows

Glalv) = [ glmaldv(@). v e Mar(RD)
we deduce that the the system (Optyn)—(Optc), with the terminal conditions (82), is

a necessary and sufficient condition of for equilibrium when the interaction term p
is frozen.
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When complemented by the equilibrium condition p = (g7P) they provide a

X3
characterization of the solutions to the mean field game (MFG).

Step 2: Uniqueness. By Corollary 15, there exists a unique solution (¢,¢q) € A x Q
to the system (Opty)-(Optc) with the terminal conditions

pr = qrVag ((QTIP))XF}% XEﬁ) ., Yr=g ((QT]P))X$7X$> .

This system coincides with the necessary and sufficient condition identified in the
first step, which proves that there exists a unique solution to (MFG) in the space
mentioned in the statement. O

Perspectives. We conclude this section with a brief discussion about mean field
game model beyond the variational case. A natural question arises as to how one
might treat mean field games that lack an underlying variational structure. The
monotonicity assumptions imposed on the flat and Lions derivatives of G in A9 (and
thus on g in A10) in the MFC problem already suggest the type of conditions that
can be imposed on the interaction terms to ensure uniqueness of solutions, in the
spirit of the classical Lasry—Lions monotonicity condition for standard mean field
games. We refer to our companion work [49] for complete results in this direction.

5 Proof of Theorem 10

In this section, we establish all the intermediate results used in the proof of Theorem
10. The presentation is organized into three subsections. In Subsection 5.1, we
establish the existence of a min-max solution to the problem (P’), corresponding to
Step 1 and Step 2 in the proof of Theorem 10. Subsection 5.2 provides the necessary
and sufficient conditions for the control problem solved by Nature, thus covering the
arguments developed in Step 3 of the proof. Finally, Subsection 5.3 focuses on the
central planner and forms the basis of Step 4 in the proof of Theorem 10.

5.1 Existence of a saddle point to (P’)

This subsection is dedicated to the proof of the existence of a saddle point to the
problem (P’), for given values of ¢1,ca > 0. This corresponds to the first step in the
proof of Theorem 10. Without any loss of generality, we can assume that

T
1 >E / @ f(,0,0)dt, (83)
0

where @° denotes the solution of
dgi = 4{9y f(t,0,0)dt + g7 0. f(£,0,0) - dW;, ¢ € [0,T]. (84)

We notice that the right-hand side on (83) is equal to S(q°). Indeed

T T
5" =E /0 7 (19, (£,0,0), 0. (¢,0,0)) dt = —E /0 £7(t,0,0)dr.

The purpose is thus to establish the following statement:
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Lemma 17. There exists a solution (¢, q) € Aq, X Qcy to (P).

Before we provide a sketch of the proof of this result, we introduce a variant of
the Nature optimization problem. Existence of a saddle point is proven by means
of weak compactness arguments (in LP spaces), which are developed in this subsec-
tion. In this regard, the nonlinear form of the state equation (4) causes additional
difficulties, as the product form of the coefficients is not appropriate for weak con-
vergence arguments. For this reason, it is easier to consider weak limits of the two
products (¢:Yy")sejo,r) and (¢t 27 )¢ejo, 1), each being viewed as a single process. How-
ever, this makes more difficult the identification of the limit points as solutions of
an equation of the form (4) (because weak limits of the products must be shown
to have a product form, which writing may be difficult to establish if the weak
limit of (q¢)eo,7] vanishes). This prompts us to introduce a variant of the problem
(P’), and in particular to define the perspective function ¢ f*(w,t,y*/q, z*/q) for any
(w,t,q,y%,2%) €A x[0,T] x Rx R x R? — R of f* (see [15, 44] for a presentation)
with respect to its last two variables. We further introduce its lower semi-continuous
envelope (or its bidual) f*: Q x [0,7] x R x R x R? — R,

i af* (wt%%) q>0,
f*(w’ t, q’y*’ Z*) - recf*(w7t7Q7y*7 Z*)a q=0, (85)

Here recf*(w,t,q,-,-) denotes the recession function of f*(w,t,q,-,-) (with respect
to the last two variables of f*). By [15, Lemma 1.156|, it coincides with the support
function of f*(w,t,0,-,-), i.e.,

recf*(w,t,0,y*,2") =  sup {{y,y") + (z,2%), f(w,t,0,y,2) < +oo}.
(y,2)ERxRE

Because f(w,t,q,-,-) has full support, the recession function at ¢ = 0 is given by

{ 0, (y*,2*) =0,

400, otherwise.

recf*(w,t,q,y", z*)

Finally, the function f* is equal to

S
~
*
/N
&
~

~ b %7 %) b q > 0’
Flwtay .2 =3 o (g5, 2*) =0, (86)
400, otherwise.

For simplicity, we call f* the perspective function of f* when there is no ambiguity.
Because f*(w,t,-,-) is convex and lower semi-continuous, its perspective function f*
is convex with respect to its three last variables and lower semi-continuous. For any
non-negative valued It6 process ¢ = (q¢)c[o,1), satisfying E[g}] < 400, and admitting
the expansion

dg = Yrdt + ZF -dWy, t€[0,T], (87)

for some (uniquely defined) F-progressively measurable process Y* = (f@*)te[o’T] and
Z* = (Zf )telo,], With values in R and R? respectively and satisfying

e ({ L+ 12t < roof) =1 (55)
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we define the perspective generalized entropy of g by letting

T
$(a) :=E[ | iy za. (89)

Recalling the lower bound (16) and using the fact that E[¢}] < 400, we notice that
the expectation right above is well-defined; it belongs to (—oo, +oc]. And then, we
introduce the perspective min-max problem

sup inf J(q,), (P")

qEch € 2

where the mapping J is given by

recall (1) for the definition of R. Above, the set Q., is defined as the collection of
q € Q such that S(¢q) < ¢1, where Q is the set of non-negative valued measurable
[t6 processes ¢ = (qt)se(o,) satisfying (87), such that go = 1, E[g}] < exp(aT), and
S(q) < +oo.

Since we restricted the controlled dynamics (4) to processes (qt)e[o,r) that do

not vanish, it is easy to see that any ¢ € Q,, belongs to Q.,. Indeed, S(q) and S(q)
coincide in this setting. Moreover, the bound E[g}] < exp(oT") follows from the facts
that Y* is bounded by a and (&( [, Z5 - dWs))ie(o,r) is a martingale, see Lemma 9.

Existence of a saddle point to (P’) is established in the next subsection; see
Lemma 23. Taking the latter for granted, Lemma 17 can be derived as follows:

Proof of Lemma 17. Since existence of a saddle point to (P’) is provided by Lemma

23, it suffices to show that any solution to (P’) is a solution to (P’). Let (g, ) be a

solution to (P’), that is to say

J(0:9) <T@ 9) <T@ ), V(@) € Qo X A, (91)

By Lemma 18 (which is stated and proven in Subsection 5.1.1 below), the process ¢
is positive in the sense that P({inf,co 7@ > 0}) = 1. This makes it possible to let

(Y = Y/;f*/(jt)te[(),T] and (Zf = Zt*/CYt)te[o,T], from which we deduce
g = qYrdt+ @2 -dW,, t€[0,T]: g = 1.
By definition of the perspective generalized entropy

S(q) =8(q) < a,

which proves that ¢ belongs to Q.. Then, by the definition (90) of J, by the
optimality condition (91) and since Q., contains Q.,, we have

j(Qa’(I}) é j(@ﬂ/_}) S j((jv w)’ v((bl/)) € ch X ACQ?

concluding the proof. O
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5.1.1 Trajectories of the perspective problem and positivity of the opti-
mal ones

The third item in the following lemma was used in the proof of Lemma 17. The first
two items are also used in the proof of Lemma 23.

Lemma 18. Let g € Q., and (Y*,Z*) be as in the representation (87).

1. Letting ~ ~
Y;* zZ7F
V=10, Zf =1Lgs0—, te€[0,7], (92)
di qt
1t holds
P @ Lebg 1y ({(w,#) € @ x [0,7], Y] > a}) =0, (93)
and q can be expanded as
dgt = ¢ Yy dt + ¢ Zf - AWy, t€[0,T]. (94)

ii. Moreover, letting T := inf{t € [0,T], ¢ = 0}) (with inf ) = +00), it also holds
P({supsejrryae > 0} N {7 <T}) =0 (i.e., 0 is an absorbing state). And then,

5 T B B T
S(q)=E [/0 f*(t,qt,Yt*,Z;)dt] =F [/0 qf*(t,YS, Z)dt| . (95)

We also have E[g}] < 400 and there exists a constant C, which depends on q

only via ¢y, such that
T ~
([ o)
0

ii. Lastly, if for a certain 1 € Ac,, the pair (¢,q) € Ag, X Q., is a solution to
(P’). Then P({inficjo,r) ¢ > 0}) = 1, and (in particular) q € Q, .

1/2

E <C. (96)

Remark 19. The following two comments are in order:

1. In dimension d = 1, the CIR model, i.e.,

dg = V@ dWy, te[0,7),

provides an interesting example in which ¢ may vanish even if the entropy,

which is here equal to E| fOTAT ¢; ' qidt] = E[r AT, is finite.

2. When ¢ vanishes, it does not make sense to represent it in the form of a
(weighted) Doléans-Dade exponential martingale. This observation causes ad-
ditional difficulites in the analysis.

Proof. Step 1: Representation of q € ch. We recall that ¢ can be represented as

t t
qt:1+/Ys*d8+/ zZy-dWs, te0,T],
0 0
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with

S(g) =E [/OT @, Qtvf/;t*?Z;)dt:| € (—o0, 1.

Using (16) together with the bound E[¢}] < exp(aT’), we deduce that

T Kk 7% 2
Y, 1 1Z
E 1 L — =L |at : 97
/0 {a:>0}4t | XB <OéCIt) + 28 | g < +00 (97)
This proves in particular that
P ® Leb 7 ({(w,t) cQx[0,T), ¢ >0, |V]> aqt}> — 0. (98)

Moreover, recalling the definition (86) of f*, we also have
P ® Leby 1) <{(w,t) €Qx[0,T), g =0, |V +|Zf| > o}) —0.  (99)

With the notation (92), (93) and (94) easily follow.

Step 2: Proving that q stays in 0 once it has touched it. Recall that 7 = inf{t €
0,77, g = 0} (with inf §) = +00). We want to prove that P({sup;c|-7) ¢t > 0} N {7 <
T}) = 0. The proof is as follows. For any € > 0, let o¢ := inf{t € [1,T], ¢ = €},
with the convention that ¢¢ = +oo if 7 = 400 or if 7 < T and ¢ does not touch €
between 7 and 7T'. Using (93) and (94), we then notice that

d (exp(at)q:) > exp(at)q Zf - dWy, t € [0,T].

By localization (use (88) together with the fact that ZF = ¢;Z}), we can find a non-
decreasing sequence of stopping times (o)x>1, converging to T’ (almost surely), such
that

ok
Vk>1, E [/ qt2|Zt*]2dt] < 400.
0
And then,
exp (a1 A 0k) ¢rao,, > E[exp (a0 A k) qoeno, | Fr) -
Letting k tend to +oo and using a conditional version of Fatou’s lemma, we obtain,
P-almost surely,
exp(ar AT)g-ar > E [exp(ao® A T)qoent|Fr] -

We deduce that there exists a constant ¢ > 0, only depending on 7" and «, such that

GraT = cE [QQE/\T|JT:T] .
Multiply both sides by 1;;.7y and take expectation under P. Since ¢ = 0 when
T < T, we get

E [1{;<myqoenr] = 0.

This shows P({7 < T} N{p° <T}) =0. Letting € tend to 0, we derive the expected
claim, that is P({7 < T} N {sup;c[; 77 ¢: > 0}) = 0. This makes it possible to prove
(95). Indeed, together with (99), we obtain

P Lebpr ({(@,0) €Qx 0,7], ¢ > 7, [7+|27] > 0}) =0,
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from which we deduce that (recalling (85))
T ~ ~ ~
E [/ [t q, Y, ZH)dt| = 0.

Identity (95) easily follows.
We now prove that E[¢}] < +oo. Letting (¢ = g exp(— fg Y ds))iepo,1], we
deduce from (94) that
dg: = (jtZ; -dWy, te [O,T]

By Ito’s formula,
- - 1. - .
d[GgIn(q)] = §qt|Zt*]2dt + [In(@) + 1 @Z; - dWe, te€][0,7).

By a localization argument (together with (97)), we deduce that E[g; In(g,)] < +oc.
And then, by Llog(L)-Doob’s maximal inequality, we obtain E[¢}] = E[sup;c(o - ¢t] <

C, for a constant C that depends on ¢ only via ¢;. We deduce that E[g}] <
Cexp(aT’). By Burkholder-Davis-Gundy inequalities, (96) easily follows.

Step 3: Contradicting the fact that 7 < T, when (1, q) is a saddle-point. We now
prove the final result, that is P({7 < T'}) = 0 when ¢ satisfies the optimality property
of a saddle-point. For 6 € (0,1), we let ¢° := 0+ (1 — 0)q°, where we recall (84) for
the definition of ¢°. We have

dg! = [0V + (1 — 0)g)0, f(t,0,0)] dt + [0g: Zf + (1 — 0)g)0. f(£,0,0)] - dW;
=Yt + 7 aw,,

for any t € [0, T). Since ¢? is positive valued, for § € [0, 1), we can let Y;*’e = f/t*’g/qf
and Zt*’a = Zt*’e/qf, for t € [0,T]. By (83), we know that S(¢°) = S(¢°) < ¢;. By
convexity of S (see Step 2 in the proof of Proposition 20), we deduce that S (¢°) < ¢y,
and then ¢’ € Q,, for all 8 € [0, 1].

By definition of J (see (89) and (90)),

T T
0 N 0 U 0 i 0 0 Sxf
G0 =00 XD +E| [ dttsvas| < | [ (st i, 20 as).

We then subtract J (g, 1) on both sides. Recalling the definition (86) of f* we obtain

T
Fa') = Ta.0) = (00 X9 - Gar XD) + 5 | [ (i = ) s,
T
| [ (P (s 0 2) < (507 2)) 1
A )= 7 ( )
=:5) + 55 — S5,
Using the fact that ¢/ — ¢ = (1 — 0)(¢) — ¢) together with the regularity of G in

the variable ¢ and the integrability properties of ¢, and then applying Lemma 40,
we deduce that there exists a positive constant C' such that, for any 0 € (0, 1),

|S7] +155] < C(1 - 9).
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Similarly, by strong convexity of f* (in the last variable), see Remark 2, there exists
¢ > 0 (independent of #) such that

T
E [ | (a0, z20) ds}
0

T _ 0 _ 0
=K [/ @ (.s, Qqqeye 1 L= q@@)qs ay 1S, Qquzs*"’ 4 10 f)qs azf£> ds}
0

S S S S

T % K Tk 0 ¢0 9qu2 * 02
SE Qf (8,q5,Y;,ZS)+(1—0)q5fS _0(1_0) q@ |Zs _azfs| ds ;
0

where we have used the shorthand notations 9, f := 8, f(s,0,0) and 9, f0 := 9, f(s,0,0),
and the duality identity f*(s,d,f2,0,f°) = f(s,0,0) = f2. The last line, together
with the fact that |[f°] @ < 400 and [|0.f°| =@ < +oo and the standard
inequality |ZF — 0. f2|* > £|Z¥|? — 0. f2|?, yields the following lower bound

T o T g, 0
stz -0 (-c-[ [ 7 (sa v z) ] + o[ [ Mzl ).
0 2 0 qs

Using the fact that S(g) < ¢1, we deduce in the end that (for a possibly new value
of C)

= 0 - co [ [T 004l .
76 = Taw) = 1 -0) (-0« 5B | [ HEEiZipas ). (o0)
0 s
It then remains to observe that (whether the right-hand side is finite or not)
T 0 T
0qs
lim E [/ 9es \Z§|2ds} ~E U quz;\zds] . (101)
0—1 o s 0

Since q is an optimizer of J (-, 1)) over ch, it holds j(qo, ¥) < J(q,v) implying that
the left-hand side in (100) is non-positive. Combining the last two lines, this shows
that the right-hand side on the above identity is necessarily finite. We claim that
this implies that P({r <T}) = 0.

Assume by a way of contradiction that P({r < T'}) > 0. For ¢t € [0,7), we can
expand In(g;) by means of It6’s formula. We get

1
dIn(g) = (y; - 2;2;?) dt + Zf - AW,
1 t
= (W—2|Z§y2+zt*-azf£) dt+Zt*-d<Wt—/ 8Zf£ds>, te[0,7).
0

Let QY == Er(f, 0. f2-dW,). Setting o€ := inf{t > 0, q; < ¢} for any € € (0,1) (with

the convention that inf ) = +00), we have
0 1 0 T 0 T
B Intgpenn)] < 559 | [ 1200|489 | [ 120001000t | + a7
79 0
<EY [/O th*\th] +C,

for a constant C' depending on a, T and |0, f°|| oo (). Now, if P({7 < T'}) > 0, then
Q({r <T}) >0, and sup.[— In(e)Q°({o¢ < T})] = +o0, and thus the right-hand
side is also infinite, which contradicts (100) and (101). O
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5.1.2 Solvability of the perspective min-max problem

Proposition 20. Let ¢ € L®(F,R") and ¢; > 0. Viewing Q., as a subset of
LY(Q2x0,T), P®Lebjg 1) equipped with the weak topology o(LY, L>®), Q., is (weakly)
compact and convex, and satisfies

sup sup E[h(q:)] < +oo. (102)
qEch tG[O,T}

In addition, the mapping ch > q j(?/},q) is strictly concave and upper semi-
continuous (w.r.t. the weak topology).

Remark 21. As a corollary of the proof, we obtain that the functional S is convex,
which has further applications. Indeed, for any 6 € [0,1], let (as in the proof of
Lemma 18) ¢% := (1 — 0)¢" + 0q, where ¢° is defined as in (84). We observe that ¢’
is positive valued for each 6 € [0,1). By Lemma 18, it is easy to see that, for every
6 €[0,1), ¢’ € Q. Moreover, by convexity of Q.,, we have ¢’ € Q.,, provided that
c1 is large enough, which is not a restriction here. This shows that ¢’ € Q., and,
more generally, that S(¢?) < (1 —0)S(¢°) 4 6S(q). Since S(¢°) € R, we deduce that

limsup §(¢”) < 8(q).
6—1

This observation allows us to extend results holding on Q. to ch, such as the
duality inequality (14), and Lemmas 40 and 41. Similarly, Lemmas 43 and 44, which
are invoked in Step 5 of the proof below, can also be extended to sequences with
values in Q, using the additional fact that the function h is convex (recall (10) for
the definition of h).

Proof. The proof is divided into six steps. In Step 1, we show the relative weak
compactness of Q.,. In Step 2, we establish the (strict) concavity of the mapping
J and we prove the convexity of ch. In Steps 3 and 4, we show the weak lower
semi-continuity of S and the weak compactness of Qc1~ In Step 5, we establish the
weak continuity of R. In Step 6, we conclude the proof. Throughout, the value of ¢
is fixed. For this reason, we omit it in many notations. For instance, we just write

J(q) for T (g,).

Step 1: relative weak compactness of ch. We first establish the relative weak com-
pactness, in L'(Q x [0,T],P® Lebjo ) equipped with the weak topology o(L', L™>),
of any subset D of Llog L(F) that is bounded in the sense that

sup sup E[h(qt)] < +00.
q€D te[0,T)

The argument is classic and goes as follows. By de la Vallée Poussin Theorem [47,
Theorem VI (see also |51, Theorem 22, page 24-II]), the set D is uniformly integrable
on 2 x [0, T] equipped with P ® Lebjg 7. Then, by the Dunford-Pettis Theorem [21,
Theorem 4.30], the set is weakly relatively compact. The set is weakly sequentially
relatively compact by the Eberlein-Smulian Theorem [54, Section V.6.1, p.430|. The
last two statements can also be found combined into a single statement, see [51,
Theorem 25, page 27-I1].

We now prove that Q., is a bounded subset of Llog L(F) (which corresponds to
(102) in the statement). Indeed, for any q € Q.,, letting 7 := inf{t € [0,T], ¢; = 0},
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we know from Lemma 18 that ¢ stays equal to 0 after 7. Moreover, it satisfies (95)
(under the notation (93)), from which we deduce that

zS<q>:E[/qutf*u,n*vzmdt]> Ot 5E Uth\Zt*th] (103)

where the process (Y;*, Z;)ic[0,7] denotes (]l{qt>0}1~/;*/qt, ﬂ{qt>0}2§/qt)t€[0,T], and where
we used the coercivity inequality (16) of f*. The constant C' only depends on the
L bound for f°.

We now expand (h(qt))se[o,r) by means of It6’s formula. We get

n(a) = ((ha) + 907 + 3012 ) -+ (hla) + a0 -aWi, ¢ € [0.7). (101

Recalling that Y* is bounded by « and using a standard localization argument, we
deduce that i
sup E[h{ginr)] < C + CE [ / qtrzt*\Zdt] ,

t€[0,T] 0
for a constant C' independent of g. Observing that ~(0) = 0, the left-hand side is also
equal to supycp ) E[h(q:)]. Back to (103), we deduce that Q., is a bounded subset
of Llog L(F).
Step 2: (strict) concavity of @ 3 ¢ — J(q). Recalling the definition of Q on the line
below (90), we first notice that Q is convex. Indeed, the decomposition (87) is linear
and thus stable by convex combinations. Moreover, the non-negativity constraint
and the bound E[g%] < exp(aT), which are both required in the definition of Q, are
also stable by convex combinations. It remains to see that for any 6 € (O 1), the
convex combination q = Qq +(1- 0)q? of any two ¢, ¢? € Q satisfies S(¢?) < 4.
Denoting by (Y*?, Z* 9), (Y1, Z%1) and (Y*2, Z%?) the respective representation
processes of ¢?, ¢! and ¢? in (87), we have

S = [/ f sqS,Ys*e Z*e)d

with (Y0 Z%0) = g(Y*!, Z51) 4+ (1 — 0)(Y*2, Z*?). Since f* is strictly convex in
its last two variables, see Remark 2, f*is (strlctly) jointly convex in its last three
arguments, see [15, Lemma 1.157]. It easily follows that S(¢%) < +oo, ie., Q is
convex. Moreover, S is strictly convex on Q.

It remains to see that, by the concavity Assumption A8, N R(q) defined
in (1) is concave (with the shorthand notation R(q) for R(g,%)). We deduce that
Q3¢—J (q) is strictly convex. By convexity of S, ch is also convex.

Step 3: weak lower semi-continuity of S. We begin with further compactness prop-
erties of Q.,. We thus consider a sequence (¢")pen lying in Q.,. We denote by
(Y*k Z*F)cn the sequence of processes associated to (qk)keN, as given by (87).
We first prove that the two sequences (Y**)cn and (Z**)pen are relatively com-
pact with respect to the weak topologies on L'(Q x [0,7],R,P ® Leb[o 71) and
LY (Qx [0,T],R? ,P® Lebyg 1) respectively. The relative compactness of (Y*F) e is
established as in Step 1, by proving that the sequence is uniformly integrable. The
latter is quite obvious: by (93), we know that the sequence (|Y**|)ey is dominated
by (aq®)ren; by Step 1, the sequence (¢*)ren is uniformly integrable and, therefore,
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the sequence (}7*’]") keN 18 also uniform integrable. To prove the relative compactness
of the sequence (Z**)pey in L'(Q x [0,T],P ® Leb[oﬂ,]Rd), we proceed as follows.
By (103), we observe that, for any k € N, any subset A C x [0, 7] in the progressive
o-field, and any real € > 0,

T T
EU M(t)Mf’*\dt]:E[/ 1A<t>ﬂ{q5>0}‘Zf’*’dt}
0 0
1 T k T 1 k%2
<-E 14(t)gidt| +€E Ligksoy |47 17dt| -
3 0 0 q;

Letting Zf’* = Lygroy ZF* JqF . we deduce from (103) that there exists a constant C,
independent of k, A and ¢, such that

T ~ o s 1 T .
E|[ 1a®)|Zf71dt| <ZE| [ La(gdt| + Ce.
0 0

By the uniform integrability property established in the first step, we know that
the first term on the right-hand side can be made as small as desired by choosing
Lebpy 7] ® P(A) small enough. This proves that the collection (Z**)ken is uniformly
integrable, on € x [0, T, equipped with P @ Lebjy 7).

We now come back to the proof of the lower semi-continuity of S. Let (") ren be
a sequence in Q., that converges for the weak topology on L*(Qx [0, T7, P Lebp 77)-
The relative compactness of (Y*’k , Z*’k) ren allows us to extract a subsequence (still
indexed by k) that converges in L'(2x [0,T],R,P® Lebyg 77) x L1(Q2 x [0, T],R%, P&
Lebpy,77) equipped with the product of the weak topologies (on each factor). Since
the objective is to prove the lower semi-continuity of the convex functional S, we
can replace (¢, Y*k Z *F).en by a convex combination that converges for the strong
topologies. We denote by (g, Y*, Z*) its (strong) limit. The objective is to pass to
the limit in (87) and to prove that ¢ is a non-negative valued process that can be
expanded as

t t
vt € [0,7), qt:1+/ Y;ds+/ Z*.aw.,. (105)
0 0

In fact, the difficulty is to pass to the limit in the stochastic integrals appearing in
the expansion of each ¢*. By (96),

T _ 1/2
supE [(/ |Zt*’k|2dt>
keN 0

By Fatou’s lemma, we deduce that Z* satisfies the same bound. And then, by a new
uniform integrability argument (combining with the convergence in L'),

T ~ n/2
¥n € (0,1), Jlim E [(/0 ]Zt*’k—Zt*]zdt> ] =0,

which shows that
n
=0.

< +00.

Vne(0,1), limE

sup
k—o00

t€[0,7]

t ~ ~
/0 (Zs’k - ZS) AW,
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This makes it possible to derive (105). Moreover, using Fatou’s lemma, we deduce
from the following three inequalities (with the last one following from (103))

T |,k T | Fxk|2
Y* VA
/ | z ‘dt <Ta, E / | | de
0 4 0

El¢y"] < exp(aT), E - < C+ 28,

qt

that

T T
Elor] < exp(aT), E UO ﬂ{qto,ﬁ*ﬂ}dt] =0, E [/0 l{qto,z*#o}dt} =0

Letting Y}* == l{qt>0}}7t*/qt and Z} = ]l{qt>0}2t*/qt, we deduce that (98) and (99)
hold true (even though we do not have yet that ¢ € ch which prevents us from
applying Lemma 18 at this stage of the proof). We also have

T
E U qt|Zt*|2dt} < +oo.
0

In particular, |Z] is (a.e.) finite when ¢ > 0, and we can write, Leby 71 @ P’ almost
everywhere, Y/t* = ¢;Y;" and Z;* = q+Z;. By repeating the proof of the first claim in
item 7i of Lemma 18, we also have that P({sup,co )@ > 0} N {7 < T}) = 0, where
7 :=inf{t € [0,T]; ¢ = 0}.

We now come back to the definition of ch. Using the fact that qk S ch and
letting 7% = inf{t € [0,T]; ¢F = 0}, for each k € N, we deduce from (95) (together
with the first claim in item 4 of Lemma 18, which allows us to derive the third line
below) that

S(¢") =E /0 qﬁf*(s,Y;*”“,Z:”wds]

S
>E / ¢ (YY*k + Zg - ZFF — f(s,Ys, ZS)> ds] (106)
0

r prT
=K / (YSYS*’k—f—ZS .Z;’k —qﬁf(s,Ys,Zs)> ds] ,
LSO

where (Y, Z) is taken, for a certain R > 0, in the ball of center 0 and radius R of the
space L>®(F) x L>®(F,R%), i.e. for almost every (w,s) € Q x [0, 77,

Ys(W)| +|Zs(w)] < R.

Letting & tend to 400 in (106), we deduce that, for any R > 0,

T
c1> sup E {/ qs YsYS+ Zs- Z% — f(s,Ys, Zs)) ds| . (107)
(Y,2)eBr 0

This prompts us to define, for any R > 0, the mapping ff: Q x [0,7] x R x R? - R,
by letting

fr(ty™ 2%) = sup {y'y+2"-z2— ft,y,2)} (108)
lyl+z|<R
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Let us remark that (ff;)gen is a non-decreasing sequence, converging pointwise to
f*. By [15, Proposition 3.78|, we have that

T
sup E |:/ ds (Y;Y;* + Zs : Z: - f(S,Y;, ZS)) dS:|
(Y,Z)eBr 0

T T
=E |:/ QSfIE(Says*v Z;>d3:| =E [/ qsf;%(s,Y;*,Z:)dS] )
0 0

where we recall that 7 = inf{t € [0, T]; ¢ = 0}. Combining (107) and (109) together
with Fatou’s lemma, we obtain

(109)

-
c1 > liminf E [/ qsf,*%(s,qs,YLZ;)dS]
R—rto0 0 (110)

SE { [ aor 0z, Z;)ds] _ 5(g).
0

with the last identity following from (95) (which holds true here, thanks to the
analysis achieved in the first part of this step). This shows that S is weakly lower
semi-continuous.

Step 4: weak compactness of ch. Most of the work has been done in the previous
steps. We know from the first step that any sequence (¢¥)ren is relatively compact
for the weak topology on L'(Q x [0,T],P ® Lebpy71). By (105) in Step 3, we know
that any weak limit ¢ can be expanded as in (87), is non-negative valued and satisfies

Elg7] < exp(aT’). And by (110), S(q) < 1.

Step 5: weak continuity of R. We are thus given a sequence (¢*)ren € ch. By the
previous step, there exists ¢ € ch such that, up to a subsequence, (qk)keN weakly
converges (i.e., with respect to o(L', L)) to q as k — 4o00. By concavity of G, we
have (with the shorthand notation G(q) for G(q, X% ), and similarly for the derivative

649 (ar))
R(¢") =G ((ﬁ) +E [/OT QEﬁsds]
<G(qr)+E [(ﬁ - CIT> 8,9 (qr) + /OT CJi%dS] (111)

T
R +E[(dh - o) 6 lar) + [ (o —a) ]
0
Recalling the growth Assumption A6 on G, we have
69 (ar)] = |8, (ar, X§)| < L (14 1XFP + B [ar|X}27]).

and then, 0,G admits exponential moments of all orders since 9 is assumed to be
bounded. Thanks to Step 1, Lemma 43 (applicable by Remark 21) yields that the
sequences

(056,G (ar)kens  (€5s)ren

are uniformly integrable. Since (¢*)ren is assumed to converge weakly with respect to
o(L', L>), we deduce fro~m Lemma 44 (which is applicable even though the sequence
(¢®)ken takes values in Q,, and possibly not in Q.,) that

kETooE [(qéi - QT) 649 (ar) + /OT (qﬁ - qs> Esds] =0.
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Then limsupy_, ., R(¢*) < R(q) concluding the step.
Step 6: Conclusion. The statement follows from the combination of Steps 1 to 6. [

Lemma 22. Let ¢;,¢c; > 0 and ¢ € Q... The mapping Ac, > ¥ — J(q,1p) is
convez, lower semi-continuous. In addition, A., is convexr and weakly compact in
L?(F,Q" R™), where Q° := Er( [y 0-f(,0,0) - dW,)P. In particular, it is bounded in
M F,R™ P), for any n € (0,1).

Proof. Step 1: convezity and weak compactness of A,. The convexity of S*, regarded
as a [0, +00]-valued mapping defined on the space of F-progressively measurable R"-
valued processes, is a direct consequence of its definition (6): for each ¢ € Q, the
mapping ¢ — E[ f(;[ qs|1s|?ds] is convex since g takes non-negative values. Therefore,
S* is convex as the supremum of a family of convex mappings. As a result, the set
A, is convex.

The relative weak compactness of A, in L?(F, Q% R") is a direct consequence of
the fact that

oz st =swis| [ ' aliPit] - 250} 22 [ ' e - 2S(0),

qeQ

with ¢" as in (84). Then, we are left to prove the weak closure property of A.,. By
convexity of the latter, it suffices to show that it is closed for the strong topology (on
L?(F,R™,Q")). We thus consider an A.,-valued sequence (1)*)rey that (strongly)
converges in L?(F,R™, Q) to some limit . Then, for all ¢ € Q,

T 1
E [/o QtW}ﬂzdt} - QS(Q) < ca.

By Fatou’s lemma, the mapping ¢ — E| fOT q¢|1¢)?dt] is lower semi-continuous for the
strong topology on L?(F,R™, Q"). We deduce that

T
E [ /O qt|¢t|2dt} ~Lsw e,

which implies that ¢ € A.,, as required.

Observing that dP/dQV has finite exponential moments of any order under Q°
and using again the fact that supye,, EQ'[ fOT |¢|2dt] < +o0, we deduce that A,,
is a bounded subset of M"(F,R™, P) for any n € (0, 2).

Step 2: convexity of A, 2 ¥ — J (q,v), for a fized q € ch. The convexity of the
mapping

T
A, 59— E [/ qsé(s,ws)ds] ,
0
is a direct consequence of the convexity of ¢ and the non-negativity of ¢. We now
turn to the convexity of the mapping A., > ¥ — G(qr, X;e) For 40, ¢! € A.,, we
denote by (X%);—o1 the solutions to the two state equations associated with 1/° and

! respectively. Moreover, for any 6 € (0,1), we call X % the solution to the state
equation associated with 8! + (1 — 0)y°. We notice that

X0 =60xt+(1-0)x0.
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Using the fact that G is convex with respect to its second variable by Assumption
A8 together with the last equality, it is easy to deduce that [0,1] 3 0 — G(qz, X%)
is convex. This concludes the step.

Step 3: lower semi-continuity of Ac, > ¥ — j(q, V), for a fixed q € ch. The proof
relies on the fact that, as explained in Remark 21, the duality inequality (14) extends
to elements ¢ € Q,, .

Let (¢¥*)ren be a sequence with values in A.,. By the extended version of (14),
we have, for every k € N,

T ~
\E [ /O thﬂ?dt} < S*WH) +8(q) et

from which we deduce that the sequence (1)*)ren lies in a weakly compact subset
of the space of F-progressively measurable R™-valued processes that are square in-
tegrable under the measure Q, defined by Q(E) = E fOT 1gqdt, for any event of
Q x [0, T]; with a slight abuse of notation, we will denote this space by L?(FF,R", Q).
Up to a subsequence, there exists a weak limit in L?(F,R",Q), which we denote
. As the purpose is to prove that J(g,1) < liminf,_, o J(q,%"%), and the func-
tional J is convex with respect to the first argument, we can replace the sequence
(¥*)ken by a sequence of convex combinations (of the (¢ )ren’s) that converges in
L?(F,R", Q) (equipped with the strong topology) to . Following the second step
in the proof of Lemma 18, we know that there exists a constant ¢ > 0 such that
qt > cElqr|Fi], for all t € [0,T]. In particular, if E is in the progressive o-field, then

Q(E) = cElqrlEg]. (112)

By convexity of the function G in the second argument, see A8, we also have
VhEN, J(qu") > T(e.9)+E 4"+ B, (113)
where
_ . _ T ~
A= 0xG (ar,X7) - (X3 = XF). B [ (dsh) — 5,0 s
0

We study the two sequences of random variables (A*)reny and (B¥)ren separately.
We start with (A*)ren. By the growth Assumption A6 on 6xG, we have

_ _ . _
A9 < Lar (14 |XF17 +E [arlxp P ]) [x3" - x7). (114)
By Lemma 40 in Appendix B (together with Remark 21), we know that
ElarlXfP] <0 (148 +SW) < €,

since ¥ € L*(F,R",Q) and ¢ € Q.,. Taking the expectation both sides of (114)
yields

a4 < o [or (1+[x8] ) o - x| (15)

We distinguish between the cases r =0 and r = 1.
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Sub-step 3a: analysis of (A*)ren when r = 0. When r = 0, we have

E[|A*] < [qT 1+\Xﬂ) (X%”k—XITZH

(
o (14 x#) [ £ -]
<cefor (i) " for [ o]

where the last line follows from the Cauchy-Schwarz inequality, for some constant
C > 0. Then, limg_, 1o E[|A*|] = 0, by (112) and strong convergence of (¢/*)ren in
L*(F,R", Q).

Sub-step 3b: analysis of (A¥)ren when r = 1. When r = 1, there exists a constant
C > 0 such that

LE
<CE

E[|A¥|] < CE [QT ‘Xq”fk - X#H

< C<E {QT/OTWf—iﬁt‘dt] +E [QT /OT <U(ta¢f)—0(t7@t)) dW; D

=:al +db. (116)

Clearly, (a¥)gen converges to 0 as k — +oo. To handle (a%)gen, we use the same
family (qo)ge[oyl) as in Remark 21. We recall that each ¢’ is positive valued and
belongs to Q., (provided that ¢; is large enough, which is not a restriction here).
Below, we write the expansion (4) of ¢?, for # € [0, 1), in the form

d¢! = vt + ¢z -aw,, te 0,1,

with initial condition qg = 1. We notice that

T
alg < ﬁE |:Qg“ /0 <U(t7'¢f) - O—(tﬂzt)) dWy

1 o
1-07"

By (102), we have supee[o,l]E[h(q%)] < 4o00. By Lemma 39, we also know that
Q= &r(f, 2 Y. dW,)P is a probability measure. It satisfies exp(—aT)gh <
dQ?/dP < exp(aT)g§. Therefore, letting (W7 = W; — [} Zﬁ’ads)te[o’ﬂ, we deduce
from Girsanov’s theorem that

/O " (ot o) — o (1))
T
/ (ot ef) — o (t.0)) Zt*’edtH (117)

0
1/2 T 1/2
} <1 +EY [/ s zdt] )
0

T 2
/ ‘ﬂ’f - 1/&‘ di
0
By Lemma 39 and thanks to the bound supyeo 1y E[h(¢4)] < 400, we have

ab? < CEY [

+ CEY {

< CEY [

T
sup EY [ / \Zt*’9|2dt] < +o0. (118)
6€l0,1) 0
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As for the first term on the last line of (117), we notice that
o[ [T 72 o [Tl 2
EC [/ [t - & dt] < exp(aT)E [qT/ it — dt]
0 0
T 2
— (1~ 6)exp(aT)E [q% | ot dt] (119)
0
T 2
+ OF [qT/ [t - | dt]
0

By Step 1, we know that the first term on the right-hand side is less than C(1 — 0).
Using the fact that (¢*)zey strongly converges to ¢ in L?(F, R, Q), the second one
tends to 0 as k tends to +oo (uniformly in 6 € [0,1)). By (117), (118) and (119),
we deduce that limg_,1 limy_ 1 o a’;’e = 0. By (116), we obtain limy_, ;o E[|A*|] =0
when r = 1.

Sub-step 3c: analysis of (B¥)ren. Back to (113), we now study the sequence (B*)en.
Using the fact that the gradient of £ in the second variable is at most of linear growth,
see A4, and once again the fact that (¢*)ey strongly converges to ¢ in L2(F, R™, Q),
we directly obtain

T T B
kEI—iI—loo Bk — kEI-POO (E [/0 qsf(s,i/}f)ds} —E [/0 a5l (s, ) ds]) =0.

Sub-step 3d: conclusion. From the last three sub-steps, we deduce that E[A* +Bk]_in
the right-hand side of (113) tends to 0. We deduce that lim infy,_, ;oo J(1%) > T (1),
which concludes the step and the proof. O

Lemma 23. There exists a solution to problem (f”), i.e. there ewists (1,q) € Ae, X
Q., such that

mip mnax JT(@,9) = mnax i JI(q,0) = T(@,). (120)

Proof. For each k € N, we call By the collection of F-progressively measurable R"-
valued processes that are bounded by k on a subset of full measure under P®Lebjg 7).
We then view A, N Bp° as a subset of L*(F,R™,QY), with Q" being defined as
in the statement of Lemma 22. By Lemma 22 again, A., N By° is a convex and
weakly compact subset of L?(F, R, Q"). By Theorem 1, which we can apply thanks
to Proposition 20 and Lemma 22, we can find, for each & € N, a saddle point
(", ¢*) € Qcy X (Ae, N BYO) to the min-max problem

min _max J(g,0) = max _min _JF(q.0) = J5uh).  (121)
¢EACQQBEO qGQq qEch weACQHBEO

By compactness of Q., and A,,, for the weak topologies o(L'(F, R, P), L®(F, R, P))
and o(L?(F,R™, Q°), L*(F,R™, Q)), the sequence (¢*, ¢*)ren converges, up to a sub-

sequence, for the product topology. The limit is denoted (g,). The objective of the
proof is thus to show that

T(q,%) < T(@. ) < T (@), (122)

for all Y € A., and ¢q € ch, which is known to be equivalent to the equality (120).
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Step 1: j(cj,d;) < j((j,?/)) for any ¥ € A.,. For 0 < kg < k and ¢ € A, let
(1/}?0 = wtﬂ{\wt\ﬁko}%e[o,T]' By (121), we have that

T(@,9") < T (" ¢*) < T(d"¢").
Taking infimum and supremum limits in the last inequality, we have

hm 1nfj(q YF) < limsup J (g, ¥*) < limsup J (¢~, ™). (123)

k—+4o00 k——+o0

We first handle the term on the right-hand side. By concavity of G in the first
variable, we have . .
J(q",¢r) < T(q,v") +a* + 0, (124)

where
ko T ~ ~
=& 0,6 (2 X2") G -0+ [ (ab - a0 f)r] o= S(a) - S

By boundedness of 1%, the integrand £(t, fo) is bounded, uniformly in ¢ and w.
Moreover, ]Xr}bko\Q_r has exponential moments of any order, which implies, from
Lemma 40 and Remark 21, that E[qT|X}pk0|2_r] < +00. And then, by the growth

Assumption A6 on 6,G, we deduce that that 6,G(qr, X%ko) has exponential moments
of any order. Recalling from (102) that

sup E[h(q)] < +o00, sup sup E [h(qf)] < 400,
t€[0,7) keN t€[0,T]

Lemma 43 yields

lim o = 0.
k—+o0

By weak lower semi-continuity of S on ch (see Step 3 in the proof of Proposition
20), we also have

lim sup b < 0.
k—4o00

Therefore, inserting the last two displays in (124) and then returning back to (123),
we obtain

hmlnfj(q, wk) < j( T/Jko)

k—+o00

By weak lower semi-continuity of A., > ¥ — J(7,v) (see Lemma 22, using the fact
that ¢ € Q.,), the last inequality yields

J(q %) < T(q.v*). (125)

It remains to pass to the limit in the right-hand side. By regularity of G, we can
write

J(@4*) = J(@,9) +E | A% + Bl (126)
where

1 k k
Ako / xG(qr, XpP0) - (X5 — XE)d),
0 (127)

T
Bk .— /O Go(€(5,080) — 0(s,0,))ds
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Apko ko ) . . . . . -
and X77" " = AX, " + (1 —A)X,. At this point, we are in a situation very similar
to (113), except for the fact that §xG in the definition of A* is computed at XA vt
Apart from this, the context is the same. In particular, with the same abuse of
notation as in the third step of the proof of Lemma 22, 1*0 converges to ¢ (as ko

tends to +o00) in L2(F, R", Q), where Q is defined by Q(F) = E fOT 1 (t)gdt. Indeed,

the extended version of (14) (for elements g in Q.,, see again Remark 21) yields
T
E [q—T/ |1/)t|2dt] < +oo.
0

Recalling that (¢f“ = YLy, |<ko})tefo,], We deduce from dominated convergence
theorem that 1% indeed converges to ¢ (as kg — +oc) in L?*(F,R™, Q). Following
the exact same reasoning as in Step 3 of Lemma 22, we then obtain that
lim E [Ako n B’ﬂ — 0. (128)
k0—>+oo

Combining the last result with (125) and (126), we deduce that J(q,v) < J(q, ),
which completes the first step.

Step 2: j(q,zﬂ) < j(q,lﬁ) for any q € ch. Because the proof follows arguments
that are similar to those in the first step, we just give a sketch of it. For integers
0 < ko < k, we deduce, again from (121), that

T (. 9"%) < T(d*, 4% < T (¢, 4k,

for any ¢ € ch and where k0 = &l{ltﬁ\ﬁko}' By definition of the infimum and
supremum limits, we have

liminf 7 (¢, ¢"*) < limsup J(¢*, %*),
k—+o00 k—+o0

Following the same arguments as in Step 1, we have that

limsup J(¢", ¥*°) = 7 (g, ¢™), lim inf I (q,%") > T (q,).

k—+o0

Combining the last inequalities yields
J(q,9) < T(q,9™).

Finally, using (126) in the right-hand side and then taking the limit ky — +o0, the
conclusion of the step and the proof follows by (128). O

5.2 Nature’s control problem

Given two constants c1, co > 0, we address the restricted Nature control problem

sup \7('&1 q/)> (PN701)

q'€Qc

under the assumption that, for some g, the pair (g,v) € Q. X A, is a saddle point

of the problem (P’). In particular, the supremum in (Py,) is equal to J(q, ) and
our goal becomes to characterize § when v is given.

62



As a corollary of our analysis, we show that, when ¢; is sufficiently large, § is in
fact the unique minimizer of the unrestricted Nature control problem

sup J (¢, %), (Px)
qeQ
which, in contrast with (P, ), is set over the entire set Q.
A key step in relaxing the constraint imposed on ¢’ in (P, ), and thereby passing
from Q., to Q, is to show that the component ¢ of any saddle point (q,) of (P’)
actually lies in the interior of Q. , provided that c; is sufficiently large. This is the

content of the following result, proved in Subsection 5.2.1.

Proposition 24. There exists a constant ¢; > 0, only depending on the data, such
that, for any c1 > ¢} and any saddle point (q,1)) to (P’) over Q, X A,, the component
q of the saddle point necessarily belongs to Qc/l.

This a priori bound then allows us to apply perturbative arguments to charac-
terize the solutions of (P, ), and subsequently of (Px), by means of a stochastic
maximum principle. The results are summarized in the main statement below:

Theorem 25. Let ¢ € A, and assume ¢1 > ¢, with ¢} as in the statement of
Proposition 24.

1. If, for some ¢y € (0,c1), there exists ¢ € Qg, that solves (P, ) (i-e., that
mazimizes ¢+ J(q',0) over Q., ), then there exists a pair (Y, Z) such that
(q,Y, Z) belongs to the set 2 defined in (26), and solves the FBSDE (Opt)
(with v = 1 therein).

2. Conversely, assume that there exists a solution (q,Y,Z) € 2 to the FBSDE
(Optn), then (q,1) is the unique optimizer of Nature’s control problem (Py).

3. In particular, if, for some q € Q¢,, (q,v) is a saddle point of the problem
(P), then q is the unique solution to (Px) (i.e., is the unique maximizer of
qd — J(d ) over the entire Q).

The proof is based on a series of lemmas, which are proved in the next paragraph.

Sketch of the proof of Theorem 25. Taking for granted the statement of Proposition
24 and the results proven in the forthcoming Subsubsections 5.2.3 and 5.2.2, Theorem
25 can be established as follows.

The necessary condition is addressed in Subsubsection 5.2.2. We prove in Lemma
28 that, for any optimizer ¢ of (Px,) that belongs to Q., for some ¢y € (0,¢1), the
BSDE (24) has a solution (Y, Z) € D(F,Q) x (Ng(o,1)M"(F,R%, Q)) that satisfies the
optimality condition in the last line in (Opty). This shows that (g, Y, Z) belongs to
2 and solves (Opty), and this proves the first assertion in the statement of Theorem
25.

The second assertion (i.e., the converse) is a direct consequence of Lemma 30.

It remains to establish the third assertion. Given ¢ € Q., such that (g,7) is a
saddle point of (P’), we know from Proposition 24 that ¢ € chl for some ¢} € (0,¢1).
By the first assertion in the statement of Theorem 25, we deduce that, there exists
a pair (Y, Z) such that (q,Y, Z) solves (Opty). By the second assertion, we deduce

that g is the unique maximizer of ¢’ — J(¢', 1) over the entire set Q. O

Throughout the subsection, the parameters ¢; and ¢y appearing in (Pn,,) are
fixed.
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5.2.1 A priori estimate

The purpose of this subsubsection is to establish the following a priori estimate, from
which Proposition 24 follows as a direct consequence:

Lemma 26. There exist two constants ¢; > 0 and C > 0, only depending on the
data and independent of c1,ca, such that, for any (q,v) € Q¢ X Acy, with ¢; > ¢},
satisfying

J(4,0) > T(q,9) > T (@), (129)
where ¢° solves (84), it holds q € Q. and sup;epo E [h(q)] < C.

Assuming that c; satisfies (83), ¢° in the statement belongs to Q.,. Notice also
that the condition (129) is stated for an arbitrary pair (¢,7¢) € Q. X A, but
is automatically satisfied by the saddle point (g,1) introduced in the beginning of
Subsection 5.3, see (Pn, ).

Proof. Step 1. We first establish a bound for S(q) in terms of E[h(gr)]. Recalling
that J(¢,v) = R(g,¥) — S(q), by inequality (129) we have

S(q) = —J(q,0) + R(g,0) < =T (¢°, %) + R(g,0)
T 130
— () + G(X0 qr) + E [ /0 qsas,mds] - 130

We first provide a lower bound for [7(q°, ). Recalling (84), we have

0 — 0 P g 0 r 0
\7 (q 717[)) g(qT?XT) +E Qté(s’ws)ds +E qsf(S,0,0)dS .
0 0

Using the convexity of G in the variable X (see (A6)) and the L~!-strong convexity
of £ in the variable ¢ (see A4), we deduce that there exists a constant C', independent
of ¢, such that

J (¢",%)

> 6(d",0) - ¢ (1+ B [a} [x7]]) + 572 [/OT qi?rwsﬁds} +E [/OT q2f<s,o,0>ds} -

Using the assumptions Al and A2, and rewriting the dynamics of X¥ under the
equivalent probability measure Ep( fO 0.f(t,0,0) - dW;)P, we have, for a new value of

¢ - 1/2
E [q% ‘X}”H <C <1+E [/0 q?!%\QdS} > :

Then, by combining the last two displays, there exists (a new) constant C' > 0, only
depending on the data and independent of ¢, co and ¢, such that

I (" v) > -C. (131)

Back to (130), we now make use of the duality inequality (13). By the latter, together
with the growth Assumption A6 and the bound (131), we get

T
S(g) < ~ T ) + L (1+E[(1 + )| XY>]) + E [ |t o>ds]

<C+ %IE [h(qr)] + E [exp (19 <§ + /OT éSds))] , (132)
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where & = L| X327, £ := {(s,0) and ¢ > v = Be®T. We recall that o and 3 are
given by (A3). Moreover, using the lower bound (16) for the dual driver, we have
(similar to (103))

T T

1

S@ =B | [ alfis|+ g8 | [ alzzPas). (1)
0 268 Lo

Combining the last two inequalities (132) and (133), we obtain

2| [ wizmpas] <o i e fon (v (e [ das))] s

where C7 > 0 is a finite constant, defined by C; = C + T||fOHLoo(F).

Step 2. We now provide another bound for the entropy which will lead us to the
expected result when combined with the conclusion of the first step. To do so, we
let (Gt = qtexp (—at))iejo,r)- Similar to (104), we have, by It6’s formula and for any
stopping time 7 such that [ ¢s|Z}|*ds and SUpye(o,7] |@| belong to L>(Fr),

T 1 T
hGg:)=—-1+ / Gs In(qs)(Yy — a)ds + 2/ ds|Z¥)?ds + HF, (135)
0 0
where (H = OtAT s In(qs) Z5-dWs)yepo - Since (/G In(Gt))o<i<- belongs to L (F),

HT™ is a square integrable martingale. By boundedness of the partial derivative of
the driver with respect to its first variable, i.e. |Y| < o, we have that

T T
/ ds In(qs) (Y — a)ds < / Gs In(qs) (Y — O‘)H{ds<1}d3 < 2ae”'T.
0 0

Returning to (135), inserting the above inequality and taking expectation, we get

1 - 1 T

SE0G) < o oo | [ azias (136)
0

where Cy = 2087 'e™'T — 1. By a standard localization argument, we choose 7

along a non-decreasing sequence of stopping times (7y)gen converging to 7', such

that [* ¢s|Z%|*ds and SUPtcfo,r,] |g¢| Delong to L>(Fr) for each k € N. This is

possible to construct such a sequence because, by finiteness of E[h(gr)], we have

T
E [/ qSZ:\st} < 400, and E[g7] < 400,
0

with the second inequality following from L log L-Doob’s inequality. Observing that
h(qr) is lower bounded by —1/e — e, we deduce from (136) and Fatou’s lemma that

1 1 T
_ ~ < 7 ~ * |2 )
SENG] < Cot oo | [ izpas) (137)
Moreover, because ¢r = exp(—aT)qr,
h(qr) = exp(—aT)h(qr) — T exp(—aT)qr. (138)

By the duality inequality (13), we have for any 6 > 1,

1
oT exp(—aT)qr < 7 exp(—aT)h(qr) + exp(6aT). (139)
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Then, combining (138) and (139) yields

<1 — ;) exp(—aT)h(qr) < h(qr) + exp(6aT).

Combining the last inequality with (137), we obtain
1\ 1 1 T s
LY e me <ovt L[ [ alziPas| + epar)  (140)
9 v 2/8 0

1 T
< Cy+ %E [/ qS|ZS*|2ds} + exp(faT), (141)
0

where we recall that v = Sexp(aT), see (132).
Step 3: Conclusion. Combining (134) and (140), we get in the end

((1 — ;) % — ;) h(qr) < C + exp(faT) + E [exp (19 (g + /0T€2d3)>] ,

where C' = C} 4+ Cy. Choosing 6 > (1 — v/¥)"", recalling that ¥ > v by definition
(see again (132)), we deduce that there exists a finite constant ¢} > 0 independent of
c1 such that sup,epo ) E[h(qt)] < ¢} provided that §—|—f0T ds € Lé;(% (Fr). The latter
can be verified by combining Lemma 42 with assumptions A4 and A5. The argument
was already outlined in Remark 7. On the one hand, A4 says that /9 is bounded by
L. In particular, it suffices to show that &, which is here equal to L|X%]2*7", belongs
to Lé;!f)(]-“T), for some ¥ > v. By Lemma 42, this is always true when r = 1. When
r = 0, we need 419LHI‘H2OO(F7R”M)HP‘I||%OO(F,RW”)HVH%OO(F’RHM)T < 1. By A5, this
is indeed possible to choose ¥ satisfying the latter while ensuring the condition ¢ > v.
This completes the proof.

Finally, using (132) one last time, we conclude that S(q) < ¢}, for a possibly new
(but still independent of ¢;) value of ¢]. O

5.2.2 Necessary condition

We show the necessary condition, i.e. the first assertion, in the statement of Theorem
25. Because ¢ € A, is fixed throughout the subsubsection, we omit it in most of
the notations and merely write

j(‘]) = j(Qa QZ)? R(Q) = R(Q? Q;[_))7 by = £(87 "IIZ_)S), (142)
for ¢ € Q.,. We denote by (Y*, Z*) the representatives of ¢, as defined in (4), i.e.
(Y*, Z*) is an R x R%valued F-progressively measurable pair satisfying S(q) < ¢;.
With ¢, we also associate the equivalent probability measure Q given by dQ =
Er( [y Z% - dW,)dP. We also consider the adjoint BSDE, with unknown (Y, Z),

{—dYt =YY+ 2 - Zy— [, Y, ZF) + b)) dt — Zy - AWy, t € [0,T], (143)

Yr = 68,G(qr, X¥).

Notice that this BSDE is not the one appearing in the first-order system (Opty),
since at this stage of the proof, the relationship (23) between (Y, Z) and (Y*, Z*) is
not yet known. The additional property (23) forms part of the necessary condition
and is shown to hold under the assumption that ¢ € Q., for some ¢y € (0,¢;), with
g being a maximizer of ¢’ — J(¢’) over Q.,; see Lemma 28. For the time being, we
establish the following well-posedness result:
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Lemma 27. There exists a unique solution (Y, Z) € D(F,Q)x (ﬂﬂe(ojl)Mﬁ(Q, F,R%))
to (143). It is given by the formula (with the shorthand notation §,G(qr) in place of

5,6 (qr, X2)):

T
Yi— o 'E [qTéqng) [ - vz as
t

ft} , tel0,T]. (144)

Proof. The proof is mostly taken from [22|. We give it for the sake of completeness.
We recall that ¢ = A&, for any t € [0,T], where (A; = exp(fg Y ds))sepo,r) and
(& = gt(fd zZ3 - dWS))tE[O,T]-

Step 1: We claim that there exists a pair (Y, Z) € D(F, Q) x (ﬂﬁe(OJ)Mﬁ(Q,F,Rd))
such that, for every t € [0,T7,

T T
Y, = Ard,Glar) +/ Ag (b — F*(s,Y>, Z)) ds —/ Z, - dW,, (145)
t t

where (W; = W; — fg Z3ds).ejo,r) is a Brownian motion under the equivalent prob-
ability measure Q = ErP. Existence of the pair (17, Z ) is proven in two steps.

Throughout, the letter C' denotes a generic constant that only depends on the
assumptions listed in Subsection 3.1 and that is, in particular, independent of ¢ and
1. The first observation is that

T
B [ArlhGlan)| + [ At 17(5. 2 Z0)lds] < 4oc, (146)
0

which is a consequence of the following three bounds. First, by the growth Assump-
tion A6, we have

E® [Ar[8,9(ar)l) = E lar 8,9 (ar)]] < Lexp(aT) (1+2E [ar| X777 ).
By Lemma 40, the last term satisfies the inequality
12— _
E [qT ‘X}"’ } <C(1+8(q) +S* ().
Recalling that ¢ € Q., and ¥ € A.,, we obtain
E® [Ar]3,(ar)]] < +o.
By A4 and a direct application of the duality inequality (14), we also have

T T B _
EQ U Asws\ds] <C+CE [/ qs\wsPds] <C+C(S(g) +S* (@) < +o0.
0 0

It remains to observe from 2 that f*(¢,y*,2*) > —f? := —f(t,0,0), which implies
|t y%, 2%)| < A8y, 2%) + 2]+ fP, and then

T T
EQ UO A5|f*(s,}§*7Z§)ld5}§E[/o as(fX(s, Y5, Z25) + £+ f9])ds

<C(1+8(q) < +oc. (147)
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The last three displays imply (146).

As announced, we now follow [22, Section 6]. To do so, we consider (¥, £%)en
such that, for each k € N, £* is a bounded Fr-measurable random variable and
0k = (ff)tE[O,T] is a bounded F-progressively measurable with the property that

T
lim EY [ATg’f — 8,6 (q7)| +/ Al — (05 — f*(s, Y, Z))|ds| = 0.
k—+o00 0

Then, for each k € N, we can define (Y*, Z*) such that (we recall from [2, Theorem
2.4] that the martingale representation theorem holds under Q, with respect to W)

T T
Yt’“:ATgk+/ Aséfds—/ Zk.aw,, teo,T).
t t

There is no difficulty to see that

T
Y} =EQ [ATg’“ + / Aglhds
t

ft} , tel0,T].

Since the term inside the conditional expectation appearing in the right-hand side is
bounded, for each k& € N, uniformly in ¢ € [0,7], we easily deduce that the process
(Y'*, ZF) satisfies the conclusion of the statement. In fact, item 2 is even satisfied in
a stronger sense, as ( can be taken in (0, 4+00).

The key step is to prove that the sequences (Y*)ren and (Z¥)gen are Cauchy
sequences in well-chosen spaces. As for (f/k) keN, we notice that, for any F-stopping
time 7 with values in [0, T, for any m, k € N,

T
B9 (174 - 1) < B [arlet -7+ [ auleh - e
0
and the right-hand side tends to 0, as m and k tend to 4+o00. This shows that

lim sup supEY [D}Tk — YTm@ =0,

N—o0 mEk>N T

with 7 in the left-hand side being implicitly understood as a generic stopping time
with values in [0, 7. Then, the analysis carried out in [22] (together with the refer-
ences cited therein) permits us to show that there exists a process Y satisfying item
1 in the statement such that

lim sup EQ [|}7Tk - YT|] =0.

k—oo r

It then remains to handle the martingale integrand (Z*),cy. Writing
t

/Ot (Z’f - Zm) AW, = ({ztk _ y/tm> _ (ffok _ ffom> _ /0 A, (z’; _ e;ﬂ) ds,

for t € [0,T], we deduce from [22, Lemma 6.1] that, for any 5 € (0, 1),
t o, _ L
EQ | sup / (Zf - Z;”) AW,
t€[0,7] 1J0
T, ~ LK
< C4EC H/ (Zf - Z;”) AW, ]
0

T B
< 0y (B9 [arlet - ¢n] + 89 [ivf - vrl] + | [ wles - eias] )
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for a constant Cg > 0 only depending on 5. As a consequence, we obtain
t, _ L
/ (Zf - Zgn) AW,| | =o.
0

And then, by Biirkholder-Davis-Gundy inequality, it holds

T B B/2
lim sup EY [(/ | Zk —Zgl|2ds> ] =0,
N—oo m,k>N 0

and the existence of Z as in the statement follows from a new application of Cauchy’s
convergence criterion in complete spaces.

lim sup E9| sup
N—=oom k>N te[0,T)

Step 2: We now establish uniqueness of the pair (Y, 7). Multiplying any solution
by (At)te[O,T]v uniqueness of the pair (Y, Z) is in fact equivalent to uniqueness of the

pair (Y, Z) in the expansion (145) (within the same space as in the statement).

By uniform integrability of the collection (Y;),, when 7 runs over the set of F-
stopping times with values in [0,7] and by a standard localization argument, we
deduce that, necessarily,

T
¥, — EQ [Aqug(qT) + / Ao (b — f*(5,Y7, 22)) ds
t

ft} , te€0,T]. (148)

This establishes the uniqueness of Y. We then rewrite the equation for (}7, Z ) in the
form

t t
Yt—/ As(és—f*(s,Y;,*,Zs*))ds:/ Zy-dW,, te[0,T).
0 0

The right-hand side is a local martingale (by assumption). Since the left-hand side is
given, we deduce that Z is unique. Recalling the two formulas Q = Er( [, Z5dW;)P
and (qr = A&( [y Z5 - AWs))ejo.1), we easily derive (144) from (148). O

At this stage, the notion of a solution to equation (143) is well defined and
understood in the sense of Lemma 27. We are now in a position to establish the
first-order condition for Nature.

Lemma 28. For a given ¢y € (0,c1), assume that there exists a mazimizer ¢ € Qg
to the problem (Pn.,) (the latter being set over Q.,). Then, denoting by (Y,Z) the
solution of (143), the triple (q,Y, Z) satisfies the first-order condition (Opty).

Proof. Step 1: localization procedure. Generally speaking, our main objective is to
prove that, for prescribed directions (y*, 2*) € L>®(F) x L>®(F,R%), P-almost surely,
for almost every t € [0, 7],

FOYS +uis 28+ 20) = 7Y Z8) — (Vg + Ze- 27) 2 0. (149)

From this, we will eventually derive (23) and then (Opty).

Although the proof of (149) follows seemingly standard arguments, it requires
some non-trivial adjustments. We proceed by contradiction assuming that the left-
hand side on (149) is negative on an event E of positive measure under Leby 7] @ P,
namely

J0>0, (Lebpr ®@P)(E) >0,

150
With B = {f7(LY? 4 2+ ) — P 20) — (Vi + Za- ) < 0} )
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For a given A > 0, we also consider the stopping time

A (151)

t t t
/ 2y Z%ds / 2y Zyds / zy - dWs| > A} ,
0 0 0

with the usual convention that the stopping time is equal to +oc if the set inside the
infimum is empty. It is easy to prove that

1
— inf{te 0,7], — + + +

qt

. < _
Jim P({ra < T =0,
from which we deduce that we can choose A large enough such that
(Lebp,r @ P) ({(t,w) € E, t < 7a(w)}) > 0. (152)
We then define the new ‘localized’ directions
*E ok *,AE N
Ys (w> =UYs (w)ﬂE(Sﬂw)v Zs (w) = Zg (w)ﬂE(saw)l[O,TA(w)}(s)a (153)

for s € [0,7] and w € Q. For an intensity ¢ € (0,1], we consider the solution
(¢f = Af&F)iejo,m) of the equation (4) driven by the pair

(Y*,E’Z*,s) — ()/*7 Z*) + 5(y*’E,Z*’A’E)

and where

t :
A; = exp </ YS*’ads> , & =& </ VA dWS> , tel0,T].
0 0

(For simplicity, we omit to precise the dependence on A and E.)
We also introduce the process ¢’ which will be proved to be the variational process
of ¢ in the direction (y*F, z%4F). Tt is defined as

t t
doma ([ (-2 APy ass [0 am), e (s
0 0

Using the definition of 2*4¥, we can check that, for all t € [0,T], |¢}| < Cg;, for a
constant C' independent of € and t. Moreover, ¢’ solves the equation

t t
qd = / (€LYF + qsyF) ds + / (6425 + qoz™F) -dW,, te[0,T].  (155)
0 0

We then let

AgE =10 — ¢, with  6¢5 = ¢¢ — gs,

*E . fRE ek : fs* sz*(S,Ys*,Zg),
5fs = fs s with { f;,a — f* (8, Ys*,a’ Z:,a) ’

for any s € [0,T]. We observe that, at this stage, f*° may take the value +o0.
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Step 2: ¢ € Q., for e small enough. We show that ¢° is an admissible controlled
process for (Pn.,). The proof relies on the explicit formula for ¢°. For each time
t € [0,T], we have

t t t
i=ao (o ([wrFass [aneam - [zt 0 ge0ep) as)
0 0 0

=: qrexp (eyy) .

We can find a constant C', independent of ¢, such that, with probability 1, sup;c(o 7 |pf] <
C. This follows from the fact that y* and z* are bounded and from the definitions

of 74, y©F and 2%4F (see (151) and (153)). And then, for any € € (0,1] and any
te[0,7],

lgi — qt| < Ceexp(C)qr < Ceexp(C) sup gs. (156)
s€[0,T7]

To establish the desired result, we expand the term S(¢°) as

T T
S() =E [ /0 " fs*’sds] +E [ /O 5¢E f;»sds]. (157)

We study the two terms on the right-hand side separately. We start with the first
one. By convexity of f* in the variables y* and z* and by definition of the set E, see
(150) and (152), we have (because € € (0, 1])

1 *,E
E(st (w)

< TUp(5 ) o) () (FF (5, Y2 F 092, Z2 4 e2) = (V5 20) (us)
< 1p(s,w) Loy w)(8) (W Yy + 25 - Z5 — o)
=y Y 4 20 7Y — 01 p(s,w) g () (5),
for the same real o > 0 as in (150). Multiplying both sides by ¢ and ¢, adding ¢, f on
both sides, integrating from 0 to 7" and using the fact that sup;¢jo -, | f(f 2% Zsds| <

A, we deduce that (allowing the value of C' to vary from line to line as long as it
remains independent of ¢)

E [/T qsfs*’gds} < Ce+ S(q).
0

We now turn to the second term on the right-hand side of (157). From the inequality
(156), we directly deduce that

T T T
E [/ 5q§f;’€ds] < CeE [/ qs\f;’€|ds] < Ce+ CeE [/ qsf;’eds} < Ck,
0 0 0

where we used the bound |f;*°| < f;°° + C, see (147), the value of the constant C
being allowed to change from one term to another.

Finally, plugging the last two estimates into (157) yields the desired result pro-
vided that ¢ is small enough.

Step 3: strong convergences of 5¢° and Aq®. As a direct consequence of the inequality
(156), we deduce that, for A fixed, P almost surely, supycp 7y |¢; — g:| — 0 as e — 0.
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Below, we also establish the almost sure uniform convergence of A¢® to 0. To do so,
one can refine the argument presented in Step 2 and provide a second-order (in )
expansion of ¢, writing, for all ¢t € [0, 7],

la; — (1 +e9f)| < at lexp(ewf) — (1 +eyf)] < O exp(C)gr. (159)

Now, we use the fact that (q:¢§):ejo,r) and (q)sejo,r) are close one from each other.
Indeed,

dlargf] = (a7 +ay” = Selzp P P) a4 (i 20 + a2l ™) - ami, v 0,71,
And then, thanks to (155),

d (g} — quf]
= ([at - aus] Y& + Selap™”

2) At + ([¢) — ae7] Z7) - AWy, t€[0,T),

with 0 as initial condition. It is standard to deduce that
! 1) %A E |2
- i = ae [ 0P, te(0.7)
0

Returning back to (159), we deduce from the above identity (together with the fact
that ¢; ! < A for s < 74) that

‘5q§ - 6(]2} < Celq, tel0,1),
for a new value of C' (still independent of ¢). Dividing by &, we get

|Ag;| < Ceq, te€]0,T). (160)

Step 4: derivative of the terminal and running costs. In this step, we address the
limit (as € tends to 0) of (as explained above, we omit the dependence on % in the
notations)

9 9

LR - R@) = L (906 - 6tan) 4= [ [ saeas] ). o

We first compute the derivative of G along ¢7. We write

[G(a7) — G(ar)]

1

1
=2 [ 20,6 tar + 2067 sdi) ax
0

m | =

1 1
— [ ElGar+ )] i+ [ BRG er+Nap) Alr (162
0 0
Here, we recall from A6 that

164G (g + 26¢7)| < L (1 +E [(gr + Adq7)[ X [P ] + [ X7 |*77).
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Recalling that |d¢f| < Cegq by (156), we deduce from Lemma 40 that the expectation
on the right-hand side is bounded uniformly in € by

E [(qr + Aoq3)| Xr|*"] < C (14 E [gr|X7*7"]) < +o0.

Also, from the first step, we know that ¢/. < Cgr. Then by Lemma 40 again, we
deduce that E[(1+|X7|*>")¢}] < +00. By dominated convergence and by (156), we
deduce that the first term on the right-hand side of (162) converges to

1
lim | E[5,G (g7 + A6¢5) dr] dA = E [6,G (ar) ¢ -

e—0 0
As for the second term on the right-hand side of (162), we can proceed in the same
way, but using in addition (160). We obtain
1
lim [ E[6,G (¢r + Adq7) Agy] = 0.

e—0 0
By combining the last two displays, we obtain

lim ~ (G(65) — Glar)) = E[0,6 (ar) d5] = B [¥rds]

where we recall that Y7 is the terminal condition given by the second line on (143).

We now turn to the second term in (161). Recalling that S*(¢)) < 400, we deduce
from the bound (160) and the duality inequality (14) that

1 T T
lim —E [/ 5q§£sds} =E [/ qgﬂsds] :

Combining the last two limits, we obtain

T
ing £ (R(47) - R(0) = % [Yody + [ttt (163)

We then expand the first term on the right-hand side by means of It6’s formula,
using the BSDE (143) satisfied by (Y;).c[o,7] and the equation (155) satisfied by ¢'.
We get for all t € [0, T,

d [q;Y;&] = q; (_}/t*Y;f - Zt* < Z+ f*(t,Y;*, ZZ() - gt) de

Y (a7 + ) dt+ 2o (0128 + a0 ™) dt+ Hy - aws,
with (H; = q,Z: + Yi(q,ZF + qtzt*’A’E))te[O,T]. Here, we need a new localization

sequence to handle the local martingale. We define, for any ¢ > 0, ¢, := inf{t €
0,7, |Yi| + fg |Zs|?ds > ¢} (with inf() = +00). Because Y has continuous trajec-

tories and IP’({fOT | Z4|2dt < +00}) = 1, it holds ¢, — 400 almost surely, as ¢ — +oc.
Then, recalling the identity ¢, = 0 and the shorthand notation f7 for f*(¢,Y}, Zf),
we can rearrange the above expansion and obtain

seNT AT B .
Geon¥Yoent + / gslsds = / (0s 3 + a:Yoys™ + a5 Zs - 2077) ds
0 0

SeNT'
+ / H - dW;.
0
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Using the three bounds |¢;| < Cq, for all t € [0,T], ||Z*7A7E||L00(F’Rd) < +oo and

Elgr fOT |Z¥|?ds] < 400, together with the definition of the stopping time ., we can

prove that E| OCCAT Hg - dW;] = 0, from which we deduce

SeNT GeNT 4
E |:qzCAT1/;CAT +/ qéﬁsdb’] =E [/ (dofF + as Yy P + qsZs - 204F) ds| .
0 0
(164)
The point is to let ¢ tend to +0o0 on both sides. Thanks to the following three
inequalities (the first line follows from the two bounds |¢;| < C¢ and || < fFf +C,
for t € [0, 7], see (147)), the second one from the bound sup,¢(o 71 Elgr|Y:|] < +oo,

see Lemma 27 and the definition of the space D(F,Q) in Section 2, and the third
one from (151),

- .
E / Iq;fs*ldS] < CE U qsf;dS] +C =08(q) + C < +o0,
LSO 0

r pT T
e[ [ qsmy;rds}saﬁ: [qT / |mds]<+oo,
L/ O 0

- T T
E / qs|Zs - zﬁ’A’E|ds] <E [qT/ | Zs - zg’A’E|ds] < AE [gr] < +o0,
LSO 0

we deduce, by dominated convergence theorem, that

ScANT
lim E [/ (gL fF + asYaul P + qoZs - 20T ds]
0

c—-+00

T
=E [/ (g5f2 + aYeyl ¥ + g Zs - 254P) ds] _
0

GeNT T
lim E [/ qgﬁsds} =K {/ qgésds] :
c—+00 0 0

It remains to pass to the limit in E[Y, Arq. 7] as ¢ tends to +oo. Almost surely,
Y%/\TQQCAT — Yrqr. Moreover, using the bound |g;| < Cg¢;, we deduce that, for
any event F' € Fr, E[1p|Yo arq, orl] < CEQ[15|Y_ a7|]. Recalling that the family
(YeaT)es0 is uniformly integrable under Q, see Lemma 27, we notice that the last
term can be rendered as small as desired by choosing Q(F') small enough, and thus
by choosing P(F') small enough. This shows that the collection (|Yi a7q. r7|)e>0 is
uniformly integrable. Therefore, E[Y arq( 7] — E[Y7q7]. Letting ¢ tend to +o0 in
(164), we get

Similarly,

T T
. [qéFYT + / qggsds} -k [/ (qéfs* + qusy;’E + s Zs - Z?AE) ds] .
0 0

And then returning back to (163), we get

1 T
i L (R() - R(0) = E| [ (6ofs 0 (™ + 22 ) as] )

e—0 ¢
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Step 5: sub-derivative of the entropic cost. We now address the subgradient of
e — S(¢°). By definition, we have (using the notation introduced in the first step)

st s = [ @ - ar o

T T
—E[/O qséfs’ds]—i—IE[/O 5q5fsds}, (166)

where, by construction,

5f25(w) = Lp(s,w) i,y (s) (F* (5, Y +eyt?, ZE + e ®F) — f* (s, Y7, 20))
- ]lE(Sv w)]l[O,TA(w)](S) (f* (57 Y:s* + Ey;a Z.: + 82’;) - f* (37 Yts*7 Z:)) :

By (158),
1
gé‘f;ﬁ(w) < y?EYts* + Z§7A7E ' Z; - Q]]-E(Saw)]]-[o,TA(w)](s)a

for some the same real ¢ > 0 as in (150). Since the right-hand side is integrable
under Q, we deduce that (using the bound ¢¢ < Cgs)

1 T
lim sup —E [ / Y f:’gds]
€ 0

e—0

e—0

T T
<timsop® | [ gE (v 4 2548 22 as] - 08 | [ aEnte (o))
0 0

T T
<E |:/ qs (y;’E}/S* + Z;’A’E : Z;) d3:| — oE |:/ QSILE(Sv ')1[077A}(S)d8:| :
0 0

As for the second term on the right-hand side of (166), we know from (160) that
10¢5 /e — q;] < Ceq, which gives directly (using the bound |f| < C' 4+ CfZ, see again

(147)) . ,
.1 e el — e
il_rf(l)g]E |:/0 5QstdS:| E[A QstdS:l .

Back to (166), we deduce that

lim sup 1 (S(¢°) —S(9)

e—=0 €&

T
<E { / (dof2 + as(uBYE + 20 - Z2) — 0g,1E(s, ) Lo, (5)) ds} :
0

Recalling from Lemma 18 that g is strictly positive, we deduce from (150) and (152)
that

T
E {/ qs1E(s, ) Lo, (s)ds| >0,
0

and thus

1 T
imsup L (067 - S@) < | [ (@f a2 424 z)as] (160
0

e—0 €&
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Step 6: conclusion. We now come back to the definition of 7, recalling that, for any
e € (0,1],

(S(¢°) = S(9)) - (168)

Combining (165), (167) and (168), we obtain

|
liminf — (J(¢%) — J(q)) > 0.
e—=0 ¢
However, by optimality of ¢ and because ¢° is admissible for (Py,) for € small

enough, we have
.1 .
lim —(J(¢°) = J(q)) <0,

e—=0 ¢

which gives a contradiction with the penultimate line. This contradicts the assump-
tion made in (150), as a result of which we deduce that, almost surely, for almost
every t € (0,77,

FOYS vyt 28+ 20) — 7Y ZE) — (Vyp + Ze- 27) 2 0.

By construction, the above holds true when the perturbation (y*,z*) is bounded,
but this assumption can be easily dropped by means of a truncation argument. In
particular, we can choose (y*,2*) = (0,f(t,Y:, Zy) — Y%, 0. f (¢, Y1, Zt) — Zf )iejo,m-
With this choice, we obtain (with full measure under Leb 7 ® P)

f* (t7 8yf(t> Y;fa Zt)7 8zf(t7 Y;fa Zt)) - f*(ta Y;f*a Z;)
> Y;0, f(t, Y1, Ze) + Zy - 0. f (£, Y4, Zy) = VoY — Zy - Z.

Recalling that

f(t7 }/%7 Zt) + f* (tv 8yf(t7 }/27 Zt)7azf(t7 }/%7 Zt))
= Y%ayfof?}/;f: Zt) + Z - a’lf(tv Yi, Zt)a

we deduce (again, with full measure under Lebjy 71 @ P)
VY[ + 2y ZF = (Y] Z0) + F(6 Y, Zy),
which is known to imply (Y;*, Z}) = (0y f(t, Y, Zt), 0. f (£, Yz, Z4)). O

We complement the necessary condition established in Lemma 28 with a lower
bound on the process Y. This bound plays a key role in the sufficient condition
proved later in Lemma 30. In fact, this bound is similar to the one obtained in
[50, Theorem 2.1]. Unfortunately, the bound established in [50] only holds for one
specific solution of the quadratic equation (Opty) (obtained by taking the limit on
truncated equations); in the absence of uniqueness for the quadratic equation, it is
not possible to apply [50] to our case.

Lemma 29. For a given co € (0,¢1), let ¢ € Qc, be a maximizer to the problem
(PN.,) (with ¢ € Ac, being fized) and (Y, Z) be the solution of (143). Then, P-a.s.,
for any t € [0, T,

Y, > Y,
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where (Y, Z) solves the BSDE

_dv, = (et +f(£,0,0) + (8yf(t, 0,0)Y; + 8, f(t,0,0) - Zt)) dt
— Zy-dW,, te0,T), (169)
Y/T :5qg(QT)‘

In addition, for any other § € Q.,, the random variables (¢;:Y, = ¢ min(—Y7,0)),,
with T running over the set of [0, T]-valued F-stopping times, are uniformly integrable
under P.

Proof. Step 1. Recall that ¢ denotes a maximizer to the problem (Px,). Then, for
a given t € (0,7] and an arbitrary event E € JF;, we define ¢"¥ by letting

t,E ds if s € [Oat]a
g5 = .
° QS]lEE + tht,s]lE if ENS (taT]a

where

Qt,s = €exp (/ 8yf(r,0,0)dr> &, (/ 0.f(r,0,0) 'dWr> , s€EtT].
¢ t
Equivalently, this means that
dgo® = qPYPPds + 0P 200 - aws, s € 00,71,

where
e, -

Using the fact that (9, f(r,0,0)),¢c(0,7] and (9. f(r,0,0)),c[o,7] are bounded, we easily
deduce that, for any p > 1, there exists a (deterministic) constant C), independent
of ¢, such that, P-a.s,

(Y, Z2) if s €[04,
(Y2, Z) 1 o + (8, £(5,0,0),0.£(5,0,0) 1z if s € (¢, 7).

E sup Qf,s ‘Ft S va

s€[t,T)

from which we deduce that

sup E [ (¢4F)] < +oo. (170)
s€[t,T)

In fact, we claim that there exists dg > 0, possibly depending on ¢, such that, for
P(E) < g, the process ¢*F belongs to Q.,. Indeed, we have (using Fenchel-Legendre
duality to get the last line)

T
S(¢"")=E [/ qﬁ’Ef*(S,Kt’E,ZE’E)dS}
0
t T
_E [/O qsf*<s,1g*,zg)ds] L E Ut qsnch*(s,xg*,zg)ds]
T
+E [/t QtQt,sﬂEf*(37ayf(sa070)7azf(37070))d3:|

T
<S(q) - E [/t tht7s]]-E'fsods:| :
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And then, using again the fact that (f? = f(s,0, 0))sefo,) is bounded and recalling
that q € chl with ¢] < ¢1, we deduce that there exists a constant C' > 0, such that

S(qt,E) < S(q) + CE [Qt]lE] < Cll +CE [QtﬂE} :

Then for P(E) small enough, ¢ + CE [¢;1 5] is less than or equal to ¢1, which implies
that qt’E belongs to Q..

Step 2. Throughout, we assume that ¢ is fixed (in (0,7]) and P(E) < g, with &g as
in the first step. Since ¢"* € Q,,, and by optimality of ¢ on Q,,, we deduce that

G(gr)+E [/OT qsésds] —S(q) > G(gh") +E [/OT qz’Eﬁsds] - Sy, an)

It is clear that

E [ / Tt qsmds] _E [nE / (e — 00 esds] | (172)

and

S(¢"") - S(q)

T
~E [ILE/t 457 f" (5,0, £(5,0,0),0:f(5,0,0)) — g5 f* (5, Y, Z7)] ds] (173)

T
=—-FE []IE/ [qg’Ef(s,O,O) +qsf* (S,YS*,Z;)} ds] .
t

We now turn to the difference between the two boundary conditions in (171). From
the regularity property A7 (for G), we have

G(¢5") = Glar) + E [ (6" — ar) 8,9 (ar)]| + o (B [(1+ [XF1P")la5" — arl])

where o(r)/r — 0 as r tends to 0 (the rate being independent of E). Recalling that
q"¥ and q respectively belong to Q., and Q.,, we know from the growth Assumption
A6 on G and from Lemma 40 that the first expectation on the right-hand side is well
defined. Applying once again Lemma 40, we deduce that second expectation is also
well defined. By definition of ¢¥, we have

G(d5") = Glar) + E[1g (¢:Qur — ar) 6,6(ar)]

174
+o(B[(L+ XEPIEE — arl]). e
Putting together (171), (172), (173) and (174), we obtain
T
E1g (¢Qur — qr) 04G(qr)] + E [HE/ (0 Qt,s — qs) sts]
¢
T
+E [nE | @1 (50,0 + 0 77, Z:))ds] (175)
t

<o [+ ]

Now, we recall from (144) that

T
@Y — E [qTaqg@T) + / 4 (6 — F*(s,Y7, 22)) ds
t

7.
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And then, we can rewrite (175) as
T
Lo (Qurdi(er) Yl +E | Le [ aiQuibuds
t
r t,E
+E [HE/ Qt,sf(s,o,O)ds] <o (B [+ XPP)Igr" — arl]) -
¢
Also, it is easy to see from (169) that Y; can be represented as

T
7 —E {Qt,mg(m 4 / Qs (s + f(5,0,0)) ds
t

.7-}] ) (176)
which gives
El|lpgg (Y, - V)| <o(E Y12=m)|ghE —
E@ (i —Yi)| <o (L+ X7 [T e —arl| ) -
We notice that the expectation in the right-hand side can be rewritten as
E|(1+ IXPP)Igr" — arl] = B [1p(+ X512 )lar - aQurl].

Writing o(r) = rn(r), with n > 0 and lim,,on(r) = 0, and letting Ry := (1 +
X7 ar — @iQerl, we get

E[1g {a (V= i) - Rurn (E[1pRa]) || <o0. a7

The above is true for a given ¢ € (0,7}, for any event E € F; satisfying P(E) < do.
The function 7 is independent of E. Moreover, we notice from (170) (with E = )
therein) and Lemma 40 that E[R; 7] < +oc.

Step 3. We now argue by contradiction to prove that Y; > Y;. Assume indeed that,
for some € > 0,

mi=P ({qt(fft A e}) > 0.
Then, we can find A > 0 such that the event

Eo = {a(V; - i) 2 e} 0 {Rir < A}

satisfies P(Ep) > /2. By a standard uniform integrability argument (using the fact
that E[R; 7] < 4+00), notice also that there exists ¢ > 0 such that

€
Decompose now Fy as
Eo = Ugen (Eo N {W; € I;})

where (I1,)ren is partition of R? into Borel subsets such that P({W; € I;;}) < § A &
(with dp as in the first step), for each k& € N.
Applying (177) with E = Ey, :== Eq N {W; € I},} for a given k € N, we obtain

0 |:]1E0,k (qt (f/} - YZ) — Ry (E [1g,, lor — QtQt,T’]))}

€

>E
>E |15, (= - Aﬂ)} - %]P’(Eo7k).
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This proves that P(Ey ) = 0, for each k£ € N, and then P(Ep) = 0, which contradicts
the fact that = > 0. We deduce that

ve>0, P({a(Vi-v)=e}) =0,

ie.,

P({a(i-v) <o0})=1.
Since P({g: > 0}) = 1, we deduce that P({Y; > Y;}). This holds true for any

t € (0,7]. By continuity of the two processes Y and Y, we deduce that P-a.s., for
any t € [0,7], V; > Y;, which proves the first claim in the statement.
Step 4. It remains to establish that, for any other ¢ € Q. (with decomposition
(Y*, Z*) in (4)), the family (§,Y;"),, with 7 running over the set of [0, T]-valued
F-stopping, is uniformly integrable. From the comparison principle established in
Step 3, we first notice that

0<Y, <Y,
for any t € [0,7]. Then to show the desired property, we provide a lower bound for
the process Y appearing on the right-hand side (recall (169) for its definition, and
(176) for its representation). We notice from the strong convexity of ¢, see A4, that
{4+ £(0,0) is lower bounded. There exists a constant ¢y € R such that ¥ > Y0, where
the process Y70 is defined as

1
Y = ?E (47649 (qr)| Fi] + co(T — 1),
t

and where ¢° is the solution to (84). Then, the following inequality holds
0<Y, <Y, < (Y0 .
Now, let E be an element of Fr and 7 a stopping time with values in [0,7]. For
g € 9, as above, we have

0 <E[156:Y,] <E [156-(79) ], (178)

and we are left to establish that the right-hand side is finite for any F € Fr, and
can be made small with P(E), uniformly with respect to 7. We have

0¥2 = 8 [440,6(ar)| 7] + (T - 7).

T

We notice that the process (d?’T)te[(]’T] defined by @?’T = G, for t € [0,7], and
qf’T = G-qY /Y, for t € [1,T], lies in Q. Tt is indeed the solution to

407 = TV 4 0T AWy, te [0.T] 0T =1,

where

(ﬁ*,Zt*) if ¢t<T,

ox,0,7 5%,0,7\
Y,z )'—{ (9yf(t,0,0),0.f(t,0,0))  if te(r,T]

80



Following the first step, we deduce that

sup S ((jO’T) < +o0. (179)

Moreover,

B 1o (72) | < E[PER)ET 6,00 ] +laiTBll] (50)

As for the second term on the right-hand side, we know from Lemma 39 that E[¢}] <
+00. Therefore, the second term on the right-hand side is finite and can be made
small with P(E), uniformly with respect to 7. We now address the first term on the
right-hand side in (180). By the lower estimate A6 on 6,5, we have

E [P(BIF,)iy” (0,9(ar))”| < LE [PIEIF)ET (1+ X1l +E [ar|Xr27])]

By Lemma 40, we know that E [g7|X7[*"] < +o0o . We deduce that there exists
C > 0 such that

E (158} (8,G(ar))™] < CE [P(EIF)dy" (1+X1])] (181)

Following (180), we already know that E[P(E\FT)qN%T] = E[1gq,] tends to 0 as P(E)
tends to 0. The remainder of the proof is devoted to establishing the same result for
E[P(E | fT)(j?F’T]XTH. To this end, we distinguish between the two cases » = 0 and
r=1.

If » = 0, then by Cauchy-Schwarz inequality and Lemma 40, we have

& [B(BlF)ay 1] < B gy e (17)] 7 [ 1]

~0,7 1/2 ~0,7 * 77\ 1/2
< CE [qu P(E\fT)] (1+S8(¢"7) +S* ()
< CE[g:16]"” (148 (°7) +8'() "7, (182)

where we used the inequality E[Q%T].E] < (O, to get the last line. The first term
on the last line can be handled as the last term on (180). Combining (178), (179),
(180) and (182), we easily complete the proof.

If » = 1, we return back to (181). In comparison with (182), the only difficult
comes from the stochastic integral in the definition of X, as its integrand grows up
linearly in 1), see A2. By Girsanov theorem, we write

/OT o(t, Q,Z)t)Zt*dtH (183)

T T ~
E[P(Ewa? [ attvoam [ ot vy

} <E [P(EIFTM%T

+ CE [P(ELF s,

T
‘E [P(EW@%T / G(t,wt)azf(t,O,O)dtH,

where W7 is a Brownian motion under &p( [, Z¥%7ds), and where C is a constant

independent of 7 (which arises because IE[Q’%T] may not be equal to 1). We first pro-
vide an upper bound for the first term on the right-hand side. By Young’s inequality,
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observe that, for any e € (0, 1],

T
IE[IP’(E]}“T)Q‘%T / o (t, ) AW T
0

| <28 [reim ]

+€eE |Gr" /OTa(t,wt)tho’T 2].
Here,
E [P(EIF)@7| < E[P(EIF)ar]) = E[Lpa,] < E[1egi],
and
T 2 T
E |Gr" / o(t, ) dWT| | < CE [q%f /0 a(t,q/;t)|2dt]

0
< CE [QOT’T /OT (1 + |¢t|2) dt] .

By (14) and (179), the above right-hand side is finite, uniformly with respect to 7.
By combining the last three displays, we easily deduce that the first-term on the
right-hand side of (183) tends to 0 as P(£) tends to 0, uniformly with respect to 7.
Using similar arguments together with the fact that (0.f(t,0,0)).c(o,7) is bounded,
we can reach the same conclusion for the third term on the right-hand side of (183).
It remains to handle the second term on the right-hand side of (183). To do so, it
suffices to notice that

B [P(ELF )0,

[ ot voziat]| < oz |pEIFar

/OT olt, zbt)Zt*dtH

< CE

T
sup P(E|F:)qr / (1+ [r]) |27t
t€[0,T] 0

(184)

By Doob’s inequality, sup,cpo ) P(E[F) tends to 0 in probability as P(E) tends to
0. Moreover,

T
B lar [+ o) 1271
T T
< CE [qT/ (1+2f1%) dt} + CE [qT/ (14 |1e]?) dt] .
0 0
Thanks to (14), the second term on the right-hand side is finite. By (102), the first

term is also finite. This proves that the left-hand side on (184) tends to 0 as P(E)
tends to 0, uniformly in 7. d

5.2.3 Sufficient condition

We now turn to the proof of the sufficient condition, i.e. the second assertion in the
statement of Theorem 25. We recall that ¢ € A, is given. Also, we use the same
abbreviated notations as in (142).
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Lemma 30. Assume that there exists a triple (q,Y, Z) € 2 satisfying the first order
condition (Optn). Then, q is the unique mazimizer of the mapping ¢ € Q

J(d, ).

Proof. Throughout the proof, we omit the dependence on 7 in the various notations.

For instance, we just write J(¢') for J(¢', ).

Moreover, in addition to (¢, Y™*, Z*), we let (q, Y™, Z*) be another arbitrary tuple
of state and control in 2, and then denote dq := ¢ — ¢q. By definition of J and
concavity of G with respect to its second variable ¢ (assumption (A8)), we have

J(q) —T(q) = R(§) — R(q) — (S(q) — S(q))

T 185
<E [&IT(ng (qr) +/0 5Qt€tdt:| —(8(q) - S(9)) 1)

Notice that the right-hand side is finite, which can be shown in the same way as in
(146), using the duality inequality (14), Lemma 40 and the bound S(¢) + S(q) +

S*(¢) < +o0.

Step 1: localization. In this first step, we proceed as in the analysis of the right-hand
side on (163) and expand (6¢:Y;)e[o,r) by means of [td’s formula. Recalling (143),
we have

A[5aYi] = da (—Y7Yi— 77 Z+ f(6, Y7, Z0) — L) dt
+Yi (a¥e —avy) dt+ 2 (a2 — a2;) dt (186)
0qZs - AW, + Y, (tht* - th,;) AW, te0,T).

For a given A > 0, we then introduce the following stopping time

t
TA ::inf{te 0,77, ]Yt]—i-qt-l-l/%-i—cjt-i-/ \Zs\zdSZA};
0

with the standard convention that 74 = +oco if the set on the right-hand side is
empty. With this definition in hand, we notice that, for ¢ € [0, 74]

0g:| < A < A%q,,
G <AL AZQt.

This implies in particular that, for a constant C'4 depending on A,
TA
B | [0 (VY- 2 2ok e 20 - ]l
0
TA
<l | [T vyl 12 204 0 20+ ) o
0
TA
<ca(ter | [Ma (i 1zp - 1wy 200+l o) )
0
T
<o (142 [ v+ 1wy 2+ ) <o
0

with the third line following from the condition |Y;| + fot |Zs|?ds < A, and the last

line following from (16), and from the fact that S(q) and S*(¢) are finite.
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Similarly,
TA 5 T N
B [y (@ -0 ] < ca| [ a (191 ) at] < hoc,
0 0

TA B T 5
E [/ 7, - (qtzt* _ tht*))dt] <Oy <1 +E [/ a (|Zt*|2 T |Zt*|2> dt]) < +o0.
0 0

Back to (186), this proves that the terms on the first and second lines of the right-
hand side, when integrated between 0 and 74, have a finite expectation.

It remains to check in a similar way that the stochastic integrals on the third line
of (186) have a zero expectation, when they are integrated between 0 and 74. To do
so, we notice that

TA TA
E U yathth\?dt] < CuE U qt]Ztht} < +00,
0 0

TA ~ T ~
B| [" Wtz - azita] <cam| [ (alZ0+ alz?) ] < oo
0 0
Therefore, we obtain
TATA
E |:5qT/\TAYT/\TA +/ 5(]t€tdt}
0
TATA
—E [ [ v gk v ) dt]
0
TATA _ N
+E {/ (Yt (dtyt* - Qth*> + Z - (@Z; - QtZ;)) dt] :
0

Introduce now the notations (fF = f*(t, Y;*, Zt*))te[[),T] and (ff = f*(t, Y7, Z§))eejo,m)
and deduce that

T/\TA T/\TA -
E |:5QT/\TAYT/\TA +/ dqilydt — / <‘jtft* - Qtft*) dt]
0 0
TATA ~ ~ ~
| [ (@ - g - O v (2 - 2 20) .
0

Then, by the first order condition (Opty) and the (strict) joint convexity of f*, we
deduce that the right-hand side is non-positive, i.e., for any A > 0,

TATA TATA -
E [&mmmm o[ st [ (adt - ) dt] <0 (187)
0 0

The key step in the rest of the proof is to let A tend to +00 on the left-hand side of
(187). This requires some extra care due to the rather weak integrability properties
of ¢ and Y. In order to proceed, we write the integrand in the form

TATA TATA _
SarneYenon+ [ owtide— [ (a7 - afy) a
0 0

TATA TNATA _ (188)
= qT/\TAYT/\TA - qT/\TAYT/\TA + / 0qelydt — / ((jtft* - Qtft*> dt
0 0

= T (A) + T*(A) + T3(A) + T*(A).
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Step 2: limit A — 400 in T?(A), T3(A) and T*(A). We claim that each of the three
families of random variables (T?(A)) a0, (T3(A4))as0 and (T*(A)) >0 is uniformly
integrable. For (T2(A))aso, we observe that there exists a constant C' > 0 (whose
value may change from line to line) such that, for any event E € Fr and any constant
A >0,

E[|T?(A)|1g] < A'E[gra-, 1] + E [qTATA ﬂ{|YT/\TA\2A’}’YT/\TAq
< A'E [grar, 18] + CE? [1{|YTMA|2A/}\YTMA|} ,

where Q = Er( [y Zf-dW;)P. Since Y € D(F,Q), the family (Y7ar,)4>0 is uniformly
integrable under @, which shows that the last term tends to 0 as A’ tends to +oo,
uniformly in A > 0. Therefore, to establish the uniformly integrability of the family
(T?(A)) a0, it suffices to recall that E[g}] < 400 (see Lemma 39), which implies in
particular that
lim supE 1] =0.
piimn sup B [grar, Ll

We now establish the uniform integrability of (T3(A4))aso. By a standard domi-

nation argument, it suffices to notice that

T T B
E [/ |6qely] dt} <C <1 +E [/ (¢t + ) |wt|2dtD < 400,
0 0

with the last inequality following from the fact that ¢ and ¢ belong to Q and 1 to
A, (together with the duality inequality (14)).

We handle (T%#(A))4>0 in the same way. Indeed, by the same argument as in
(147), we have

e[ [ (@il + alsi) ] < oo

Combining the uniform integrability properties of (T2(A)) =0, (T2(A)) =0 and
(T*(A)) a>0 together with the time continuity of the processes appearing in (188),
we deduce that

Jim B [T2(A) + T3(A) + T*(A)]

T T _
—E [—qTYT+ | sate— [ (adi - ary) dt].
0 0

Step 3: limit A — +oo in T'(A). We now explain how to handle (T*(A))4so in
(188). We first decompose T (A) into non positive and non negative parts

(189)

TH(A) = Grnry (Yenra + Yine, ) = @rneaVin,- (190)
By Lemma 29, the family (Grar, Y7, ATA) A>0 1s uniformly integrable. In particular,
Jim E (s Vs, | = E [arY7] . (191)

We also notice that, grar, (Yrar, +Yrnr,
lemma gives

) takes values in [0, +00). Therefore, Fatou’s

liminf E drary (Yones + Yine, )] 2 E [ar (Ve +Y77)]
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Inserting the latter into (190), we obtain

. 1 . ~ ~ _ _ ~
ggl}rrgE [T (A)] = Lllgl}rng [GrAraYTArs] 2 E [QT (YT +Y, —Y, )] = E[¢rYr].

And then, thanks to (189), this gives

lim inf [T'(A) + T*(A) + T3(A) + T*(A)]

T T
>E [@TYT —qr¥Yr + / (Gt — qi)bpdt — / (tjtft* - Qtft*) dt] .
0 0

By (187), the left-hand side is less than 0, from which we deduce that
T T,
0>E |:QTYT —qrY¥r +/ (Gt — qi)ledt — / ((jtf; - Qtft*> dt} .
0 0

By (185), the right-hand side is greater than J(¢) —J(q). This shows J(§) —J(¢) <
0, which proves the optimality of gq.

Uniqueness of the minimizer follows from the strict convexity of J in the variable
q, see Proposition 20. O

5.3 Central planner’s control problem

In this section, we study the problem of the central planner,

wiGI}‘{CQ j(@) d})a (PC)

under the assumption that there exists ¢ such that the pair (g,7%) € Q. x A, is a
saddle point of the problem (P’). We recall (27) and (28) for the definitions of the
two sets Q., and A.,. We further recall (25) for the definition of the set <. The
purpose of this section is to establish the following characterization of the problem

(Pc).

Theorem 31. There exists a constant ¢y > 0, only depending on the data and c1,
such that, if co > ¢y, the minimizer ¢ of (Pc) (over Ac,) belongs in fact to Ay .
Conversely, if ca > ¢, any ¢ € Ag is a minimizer to the problem (Pc) over A, if
and only if there exists a tuple (Y, p,k,X) € & solving the FBSDE (Optc) (with q
replaced by q).

Sketch of Proof. In Lemma 32 below, we establish the existence of a constant ¢, > 0,
only depending on the data and c¢p, independent of co, such that any minimizer
to the problem (Pc¢) over A, is in fact in A.,. By assuming (without any loss of
generality) that the constant cg is strictly larger than ¢, we ensure that the minimizer
1 is an interior solution in the sense that

S*(1/J) < ca.

The conclusion of the statement follows from the necessary condition proved in
Lemma 37 and the sufficient condition established in Lemma 38. O
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5.3.1 A priori estimate

This subsection is devoted to proving the following a priori estimate for the compo-
nent ¢ of the saddle point (g, ).

Lemma 32. There exists a positive constant ¢, > 0, only depending on ¢1 and on the
data (and in particular independent of the parameter cy), such that the component 1)

of any saddle point (3,v) € Q¢ X Ae, to (P7) (with ca > ¢) belongs in fact to A
Proof. Let ¢ € Q. Using the convexity assumption on G, we have
G (gr,X}) > G (ar,0) + E [5xG(ar,0) - X7
> —L - LE [qr|X}]]

where the second inequality follows from the growth Assumption A6. Therefore,

J(09)+8(a) >~ L~ LE [qr|XF|] + E [ /0 ", @dt] .

Since £ grows up at least quadratically fast by Assumption A4, we can find a constant
C > 0 such that

T B 1 T B
E [/0 th(tth)dt} >-C+ EE [/0 qt Wtfdt} .

Moreover, we know from Lemma 41 that, for any € € (0, 1), there exists C. > 0 such
that

_ T,
E[ar|X}l| < e+ ccS(q) + ¢E [ /0 A dt},

Wlth CE = QBeaTHFHLOO(F,R"X") HFil HLOO(IF,R"X") (HVHLOO(F,R"Xd) + %eaTHU'HLoo(F7Rn><d><n)> .
Therefore, choosing ¢ = 1/[4max(1, L)] and combining the last three displays, we
get

- 1 T

And, then for the same constants ¢, ¢. and C as above,

sup {E UOT a \¢t|2dt] —VS(q)} < 4max(1, L)

qeQ

C+supJ (q,w)] . (192)
qeQ

where we recall that «y, defined in Assumption A5, is given by
Y =4 max(l, L)eaTHFHLoo(F’Ran) HF_l HLOO(IF,]R"X")

X (Il oo e sy + 12 max (1, L)e || o g gy )

Recall now that (g,1) is a saddle point of (P’). By the third assertion in the state-

ment of Theorem 25, we deduce that g is a maximizer of ¢ € Q — J(¢’,%). There-
fore, the supremum in the above display can be bounded as follows

Sggj (¢:¢) =T (q,¥) < T(g,0), (193)
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with the last inequality following from the saddle point property of (g,). Since f*
is lower bounded, we have

T
70.0) = R@.0) - 5@ < (1+E|arlxd+ [ ac.0a] ).
0
for a new constant C’. We then use (13) to upper bound the right-hand side. By

Lemma 42, we know that there exists 7 > 0, only depending on the data such that
X% e Sein(Fr,R™). And then, (13) (together with the fact that g € Q,,) yields

J(3,0) <C'(1+¢1).

Returning to (192) and (193), we obtain

235 {E [/OT i Wtf dt] — yS(q)} <4max(1,L) [C+C'(1+a)].

This completes the proof. O

5.3.2 Necessary conditions

This subsection is dedicated to a series of lemmas leading eventually to Lemma 37,
which we invoked in the proof of Theorem 31 to establish the necessary condition.
Given the constant ¢, in Lemma 32, we assume that the constant ¢ in the definition
of A., in (Pc) satisfies ¢a > ¢}, > 0, which condition guarantees that any minimizer
to (P¢) ~with ¢ € Q,, such that, for some 1) € A.,, (¢,v) is a saddle-point- lies ‘in
the interior” of the admissible set A, (in the sense that it belongs to A, ). We insist
on the fact that, similar to Subsubsection 5.3.1, ¢ is fixed throughout the analysis.
In coherence with the convention adopted earlier, this makes it possible to omit g in
the various notations. For instance, we write 0xG(Xr) for dxG(qr, Xr).

Recalling the definition of the pre-Hamiltonian H in (20), and denoting X ¥, for
a given ¢ € .Aczz, the associated solution to the state equation, we define the adjoint
BSDE with unknown (p, k),

—dp; = V. H (tu szﬂﬁt,Pt, K, Qt) dt — kdWy,  pr = 5Xg(QT,X71€)- (194)

By assumptions on the mappings b and o, the derivative of the pre-Hamiltonian
simplifies to

VCEH (ta szawhpt?ktvq?f) - b;rpt

In the analysis carried out below, we will also use the fact that
Ve (2,0, 0.k, ) = (V) + ¢ p+ 1T (o] k) | (195)

where r can be either 0 or 1, and we recall the convention (22) for the trace

n d
Tr (0 k) = | D2 D (@0)isekediy . (196)

i=1j=1 (=1,..d
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To study the BSDE (194), we introduce the following intermediary BSDE with un-
known (o, h),

—do; = (b;er + Yt*Qt) dt — hydWy,  or = ;' 0xG(ar, X#% (197)

where (W} = Wi — fot Z;ds)tep’ﬂ is a Brownian motion under the equivalent prob-
ability measure Q defined by Q = &P, with Ep == Ep( fo Z% - dWs). We recall that
(Y*, Z*) is associated to ¢ through (4), and that gr = exp(fOT Yrds)Er.
Lemma 33. There exists a unique solution (o,h) € S?(F,R", Q) x ]\_42(IF,]R”X‘1,@)
to (197). When r =1, g belongs to L>°(F,R") and h to L*(F,R"*¢ Q).

Proof. Let us recall that
1B]] oo (g xny + [V || ooy < a0+ L, (198)

by Assumption Al and since |Y}| < a. In particular, the BSDE (197) is a linear
BSDE, with a bounded linear coefficient. The existence and uniqueness of a solution
are well established once the terminal condition has been shown to be sufficiently
integrable.

Step 1: r = 0. By the growth Assumption A6 on dxG, we have
lor| = @7 ‘5Xg(‘jT,X71€)) <L (1 + X+ E [QT‘X$’2]> :

Taking the square on both sides, we get (for a constant C' only depending on L and
whose value is allowed to vary from line to line)

E® [lerl?] < © (1 +EQ || X7 +E [ar| X} 2)

T 2
_ 2 s
sc<1+E[/0 qswd”
<C(1+8(9*+S*®)?) < +oo,

where we used Lemma 40 in Appendix B in order to pass from the first to the second
line. Together with (198), existence and uniqueness follow from the standard L2-
theory of BSDEs (we recall from [2, Theorem 2.4] that the martingale representation
theorem holds under Q, with respect to W).

Step 2: r = 1. In this case, |0x§| is bounded by Cgr(1 + E [gr|X7|]), for a constant
C only depending on L. By Lemma 40, E [gr|Xr|] < +o0o. Therefore, the termi-
nal condition in (197) is square integrable under the probability measure Q. The
conclusion follows by the same arguments as in the first step. This concludes the
proof. O

Lemma 34. There exists a unique solution (p, k) to (194) in the space D(F,P,R™) x
(mﬁe(o,l)M’g(F,P, R™4)). It is given by
(pes kt)eepo.r) = (Groe, Ge(he + 00 ® Z:))te[o,T} )
where (o1, he)ieo.r) is the solution to (197) and (o1 ® Z})iepo,r) denotes the n x d
.
t

matriz with elements (0.7 j)z‘e{l,...,n},je{l e

-----
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Proof. Step 1: Ezistence. Repeating the computations from the proof of Lemma 33,
there exists a constant C, only depending on L, such that

B (Jox0 (. x7) ] < 2 [ar (14 x| & arlxier) |

T 2
_ 2
§0<1+E[/0 7l ds} )
< C(1+8(q)?° +S*(¥)?) < +oc.

The existence of a solution to (194), within the space specified in the statement,
follows from [23, Proposition 6.4].

Step 2: Uniqueness. Now let (pq, kt)te[O,T] be a solution to the backward equation
(194) (within the space mentioned in the statement). Then, one can verify that
(01, ht)eejo,r) = (@ 'pe, @ L (ke — pr ® Z7))iepo,r) solves (197), with the stochastic
integral therein being understood as a local martingale under Q. That said, at this
stage, we do not know yet that the hence defined pair (o, h) belongs to the space
S%(F,R", Q) x M?(F,R™4 Q), which prevents us from identifying directly (o, h)
with the (unique) solution constructed in Lemma 33. We thus proceed as follows.
We denote by (Ryt)ic[o,r] the solution to the (random) ordinary differential equation
d T X
&Rt =—-b, Rt — Y Ry, Ro=1I,, (199)
with I,, denoting the n x n identity matrix. The process (Rt)te[O,T] takes values in
the set of n x n invertible matrices, and
d g —13 T | yxp—1 -1

Obviously, the process (R, l)te[o,T] is bounded by a deterministic constant. Also, it
is straightforward to check that (R, 1Qt)te[o,:q is a local martingale under Q. By a
standard localization argument, we can find a non-decreasing sequence of stopping
times (7j)g>1, converging to 7', such that, for any ¢ € [0, 7], and any integer k > 1,

R oinr, = EY (R or, | 7] - (200)

In order to pass to the limit (as k tends to +00) in the above display, we check that
the collection of random variables (R;k1 07 )k>1 is uniformly integrable under Q (the
same argument would show that the collection of random variables (R;/\lTk Otrry Jk>1
is uniformly integrable). For any event A, we can find a constant C' such that, for
any k> 1, )

E? [14|R-, 0, |] < CE [1algr,0n,]] = CE [Lalpr, ]

Since p belongs to D(F,P), the right-hand side tends to 0, uniformly in &, as P(A)
tends to 0. Writing P(A) = EQ[(7)"'14] (here &7 > 0 a.s., because gr > 0 a.s.),
we deduce that P(A) tends to 0 as Q(A) tends to 0. This shows that the right-hand
side (in the above display) tends to 0, uniformly in k, as Q(A) tends to 0, which
provides the required uniform integrability property. Letting &k tend to 400 in (200),

we deduce that, for any ¢ € [0, 7],

Ryor = B [ Ry'ar ' 6xG(ar, X7)| 7]
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This provides an explicit formula for ¢ and makes it possible to identify it (together
with h) with the solution obtained in Lemma 33. It remains to see that the mapping

R" x R 3 (p, k) = (¢ p.q (k= p ® 2¥)),

is one-to-one for any ¢ > 0 and z* € R". This proves that (p, kt)icpo, 7] is uniquely
determined by the pair (ot, ht).ejo,r) and is thus unique. O

Tangent processes. Let ¢ € L°°(FF,R") be such that ¢ + ¢ € A., (we recall that
1 is an arbitrary element in Ac’2>- We introduce the following system of variational

(or tangent) processes with unknown (u, v, ), the latter taking values in R x R% x R™,

{ dug = Gy - Vpl(t,h)dt — v - AWy, ur = 6xG(qr, X%) T, V)

dzy = (bixy + cip) dt + TDwUt(QOt)th, zo =0,

where we recall that Dyoi(¢r) = (325—1(01)i5,e(P)e)ic,...n} jeql,....dp» See A2.

Lemma 35. Let ¢ € L*™°(F,R") such that ¢+ ¢ € A.,. Then, there exists a unique
solution (¢)epo,7) to the forward equation in (V), lying in S*(F,R™) N S*(F,R",Q)
(even in L=°(F,R™) when r = 0). And, there exists a solution (u,v) € D(F,P) x
(ﬂﬁe(oyl)Mﬁ(]F,Rd,]P’)) to the backward equation in (V).

Proof. Step 1: Existence and uniqueness to the forward equation. Denoting by I' the
resolvent associated with the linear part of the forward equation, i.e.,

d =61y, To=1

qt T e 0 = In,
with I, standing for the n x n identity matrix, the solution to the forward equation
in (V) is explicitly given by

¢
xy =T} <77+/ Fs_l(as+cs<ps)ds+r/
0 0

t
F;1D¢os(gps)dW5) , te€[0,T).

Thus, (2¢)seo,r] clearly belongs to S?(F,R™,P) (because ¢ is bounded). It further

belongs to S?(F,R”, Q) by a direct application of Lemma 40 using once again the
fact that ¢ is bounded (where we identify the process (I'; 1D¢at(g0t))t€[o’ﬂ, which is
bounded, in this proof with the process (14)ic[o,7] in the statement of Lemma 40).

Step 2: Well-posedness of the backward equation. By the growth assumptions A4 and
A6, we have

E[10xG(ar, X3 - orl] < CE [qr(1 + X317 [ar]
When r = 1, the right-hand side reduces to C(1 + E[gr|zr|]), which is finite since

(Tt)eo,m) € S2(F,R™, Q). When r = 0, (wt)ejo,r) € L°(F,R",P), and by Lemma

40, we have

E [|5XQ(QT,X§€) : 90T|] <C <1 +E [ch|X}/’|D < +oo.
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Since V0 is at most of linear growth in ¢, we further have

T T
E [/0 Gs| s - Vd,ﬁ(s,ws)]ds} < CE [/0 s (1 + |ops|? + ]1/15\2) ds
< C(148(q) + 8 (1)) < +oc.

(201)

The conclusion follows by [23, Proposition 6.4]. O

So far, we have considered ¢ € L*°(F,R",P) such that ¢) + ¢ € A.,. Since A is
convex, we then have, for any € € [0,1], ¥ + ep € A.,. By optimality of the control

P, we get
e (TW+ep) =T () > 0. (202)

We use the above inequality to prove the following statement:

Lemma 36. Let ¢ € L>®(F,R",P) such that ¢ + ¢ € Ac,. With (u,v) being as in
the statement of Lemma 35, the following variational inequality holds true:

T
Eug] = E {UT —|—/0 qsPs - VM(S,z/JS)ds] > 0.

Proof. Since q is fixed, we omit to indicate it explicitly in the various functionals that
depend on it. For instance, we use the shorthand notation G (XlT/) ) for G(qr, X# ).
On the one hand, we have, from A7,

G(XPT) —G(x}) = E [axg(X}) - (X570 = XJ)] +0 (B [ar|x) o — x7P] ).
Because (X¢)ejo,r] solves a linear SDE, we also have
TN (XU — X)) = XP = 2,
and thus
e (G(X)79) — 6(X])) = E |oxG(XY) - wr| +20 (E[arlerl]) . (203)

In order to handle the right-hand side, we use the same estimates as in the second step
of the proof of Lemma 35. In particular, we already know that IE[|5XQ(X$) ~xr|] <
+00. We also know that E[gr|z7|?] < 400, from which we deduce that the term on
the second line of (203) tends to 0 with . So, we obtain

lim £~ (Q(X$+E¢) - g(X%)) —E [5Xg(X$) : a:T] . (204)

e—0

Since £ is assumed to be twice differentiable, with bounded second-order derivatives,
we also have

[ [ 0ot o) st as] <] [ dien Vatto. )

+ 0 <E [/OTcislsostsD.

Because ¢ € L*(F,R"), we obviously have E[fOT Gs|ps|?ds] < +oo. As for the first
term on the right-hand side, we recall from (201) that it is bounded. Then, combining
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the above display with (204), and recalling again the definition of the criterion 7,
we get

;i_r}r(l)é‘il (T +ep)—TW))=E [5Xg(X§€) : xT} +E [/OT dsps - Vyl(s, ws)ds}

T
=K [uT —l—/ qsPs * Vd,f(s, ws)ds:| .
0

It remains to use to the backward equation in (V) in order to identify the last term
with Efug]. By localization, we can find a non-decreasing sequence of stopping times
(Tm)m>1, converging to T', such that, for any m > 1,

E [um + /0 " s - Vlls, @Z)S)ds} — Efug]. (205)

Since u belongs to D(F,P), E[u,,,] — E[ur] as m tends to +oo. And by (201),
E[f;™ @stps - Vipl(s,¥)ds] — E[fOT Jsps - Vyl(s,¥)ds]. This shows that the left-
hand side in the above display converges to the right-hand side of (205). Recalling
inequality (202), we complete the proof. O

Lemma 37. Let ¢ € Ay be a minimizer to problem (Pc) and (p, k) the associated
solution to (194) provided by Lemma 34. Then, (¢¥,p,k, X) belongs to the set o
defined in (25) and satisfies the first-order condition (Optc) (with @ being substituted
for q therein).

Proof. We start with the following preliminary remark: the fact that (¢, p, k, X)
belongs to &7 is a consequence of Lemmas 34 and 40.

Next, following the analysis carried out in Lemmas 35 and 36, we consider ¢ €
L>(F,R",P) such that ¢y + ¢ € A.,. With x as in Lemma 35, and by Ité’s formula,
we have

T T T
pr - TT = / ps - dwg + / Ts - dps + 7"/ Tr((Dwas(cps))Tk‘S)ds.
0 0 0

t
/xjksdws zA}.
0

Then, by cancellation of the expectations of the stopped stochastic integrals in the
expansion of (p; - T¢)e(o,7], We get

For a given A > 0, we also consider the stopping time

t
T4 = inf {t € [0,77, / pg Dyos(ps)dWs| +
0

TATA TATA
E [prary - oA, = E [/ p;rcscpsds + r/ Tr((D¢os(¢s))Tks)ds] . (206)
0 0

We now aim to pass to the limit on both sides of the equality.

Step 1: convergence of the left-hand side of (206). To pass to the limit, we establish
that the random variables (prar, - T7ar, ) A>0 are uniformly integrable, distinguishing
between the two cases r = 0 and r = 1. Throughout, F is a fixed subset of €,
belonging to Fr.
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When r = 0, the process = (7¢).¢(o,7) is bounded (see Lemma 35). Then, we
can find a constant C, independent of A, such that

E []]-E’pT/\TA *TTATH H < CE [1E|pT/\TA|] .

Since p belongs to D(FF, R™, IP) by Lemma 34, the right-hand side tends to 0, uniformly
with respect to A, as P(F) tends to 0, yielding the required uniform integrability
property.

When r = 1, the process = belongs to S%(F,R”, Q) thanks to Lemma 35. By
Lemmas 33 and 34, the process p is equal to go with g belonging to L*>°(F,R").
Then, we have

E[1glprary - 2rarsl] = CE[LEGTArL 0T AT, - TTAT4 ]
< CE [1gqr|TTAral]
< CE[7r15]"?,

with the last line following from Cauchy-Schwarz inequality, and, once again, from
the fact that € S?(F,R", Q). In particular, the constant C' on the last line is
allowed to depend on the S%-norm of z (under Q) and is implicitly allowed to vary
from line to line. To prove that the term on the last line of the above displays tends
to 0 as P(E) tends to 0, it suffices to recall from Lemma 39 that ¢} is integrable,
so that the right-hand side tends to 0 as P(E) tends to 0. This yields the expected
uniform integrability property.

Step 2: convergence on the right-hand side of (206). Using the fact that the terms
¢, and Dyo(p,) are uniformly bounded, and that (p, k) belongs to D(F,R",[P) x
(Nge,n M B(F,R"*4 P)), see Lemma 34, we can derive the following upper-bound

TNATA TNATA
/ ds+r/
0 0
T T
gC(/ ps\ds—i—r/ |k5]ds>.
0 0

When r = 0, we deduce that the left-hand side is integrable, uniformly with respect
to A. When r = 1, the proof is more involved. We recall from Lemmas 33 and 34
that |p;| < Cq and |k| < @ (|he| + | ZF]), for all t € [0,T], where h € L2(F,R™*? Q).
Since Z* belongs to L%(F,R%, Q), we deduce from Cauchy-Schwarz inequality that k
belongs to L'(F,R"*¢ P). Therefore, the left-hand side in the above display is also

integrable, uniformly with respect to 4 > 0.

Tr((Dyos(ps)) ' ks)| ds

pICS‘Ps

Step 3: conclusion. Thanks to the uniform integrability properties established in the
last two steps, we can now pass to the limit in (206). We get

T T
E[pr-zr] =E {/ Pl copsds + 7“/ Tr((Dyos(ps)) ks)ds| .
0 0

Consider now (u, v) as in the statement of Lemma 36. Using the fact that up = pp-zp
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and E[ug] > 0, together with Lemma 36, we obtain
0 < E[’U,()]

r T
=E |pr-or+ / Ps - (jsvlbg(& %)ds]
L 0

=E /OT {c,os- (ciswﬂ(s,lbs) +c§ps) +rTr((Dws(%)))Tks)}dS] (207)

r pT
=K / Ps 'V¢H(5aXs,¢sap3ak57st)d5:| s
LSO

where, to get the last line, we used (195) together with the identity

Tr ((Dwas)—rks)) = z”: zd:
j=1 ¢

=17

n

(05) 5k (@s)k(ks)ji = s - (a;rks) .
1

The sequence of inequalities (207) is true for any arbitrary perturbation ¢ € L (F,R")
such that ¢ + ¢ € A.,. In fact, using the property that ¢ € .AC/2 , where ¢, < co, it is

easy to see that, for any given ¢ € L (F,R"), there exists an gy (depending on ¢)

such that ¥ 4+ egp € A.,. Substituting egp for ¢ in (207), this proves that, for any

@ € L(F,R"),

T
E |:/ Ps - V¢H(SaXs,¢s,Ps, ksa‘js)dS > 0.
0

And then, changing ¢ into —¢, the above inequality is in fact an equality, from which
we get that
V¢H(ta Xt7¢t)pt7ktaqt) - O, d[F’@dt—a.e. .

Since H is strictly convex in the variable v, this shows that the third line in (Optc)
is satisfied and concludes the proof. O
5.3.3 Sufficient conditions

This last subsection is dedicated to the proof of the following lemma, which we
invoked in the proof of Theorem 31 to establish the sufficient condition.

Lemma 38. Let (¢, p,k, X) € o be a solution to the first order condition (Optc).
Then, v is the (unique) minimizer of the problem (Pc) (with g being substituted for
q therein).

Proof. Let ¢/ € A, and X’ := X% be the associated state. By definition of J
(which is here a shorthand notation for J(q,-)), we have (with a similar shorthand
notation for G(qr, -))

T
J(¢’>—J<¢>=Q<X’T>—9<XT>+E[ [ttt s, was| . (208

By Assumption A8, the mapping G is convex with respect to its last variable. There-
fore,

G(X7) = G(Xr) > E [0xG(X7) - (X7 — X7)] =E [pr- (Xp — X7)] . (209)

95



For a given A > 0, consider the stopping time

t t
A= inf{te[O,T], / Pl (05(0) — oy (1s))dWs| + /0 (X! — X,) ThsdW,

0

> 4},

By (194) and It&’s formula, we have the following formula (which is the analogue of
(206))

E [pT/\TA : (X’%/\TA - XT/\TA)}

=K [/OTATA <p2c5(¢; — ) + Tr (ks (o(s, %) — a(sﬂbs))T)) ds] ' (210)

Following the proof of Lemma 37, we now aim to take the limit A — +oo (but the
proof is more difficult because the difference 1)’ — v, which is the analogue of ¢ in
the proof of Lemma 37, is not bounded). The strategy is to prove that the random
variables inside the expectations are uniformly integrable with respect to A.

Step 1: left-hand side of (210). In this step, we check that the left-hand side on
(210) is uniformly integrable with respect to A. Throughout, we consider a fixed
event E € Fp. By Lemma 33, the process p is equal to the process Go. Therefore,

E [1elprars - (Xipry — Xoard)l] = CE [LEqrar,|lorars - (Xpar, — Xoara)l] -

We recall that X, X' € SZ*T(IE‘,R”,_Q), see Lemma 40. In addition, by Lemma 33,
the process ¢ belongs to S%(F,R",Q) when 7 = 0 and L*>°(F,R") when r = 1.
Let us first study the case r = 0. By Young’s inequality, we have, for any & > 0,

E []lEqT/\TA|QT/\TA : (Xé"’/\TA - XT/\TA)H
S 8_1]E []]-E(jT/\TA |QT/\TA |2] + 8E [QT/\TA |XT/\TA - Xé"/\q—A |2]
< Ce 'R [P(E|Frar,)arlor)?] + CeE [qr| X7°] + CeE [gr|(X)7 ] -
Observing from Doob’s inequality that sup,¢jo 71 P(E|F:) tends to 0 in LY(P) as P(E)
tends to 0, we deduce that the left-hand side tends to 0 with P(E), uniformly in A.

This proves the expected uniform integrability property when r = 0.
When r = 1, we have

E [1EQTATA|QTATA ) (X/TATA — XT/\TA)” < CE [IIEC_YTATA|X'TATA — XT/\TA)H
< CE [P(E|Frary)rl(X — X)71]

and we conclude as in the case r = 0. We deduce that

Jim B [prac, - (Xr, = Xracd)] =E[pr- (X - Xp)]. - (211)

Step 2: right-hand side of (210). Consider now the term on the right-hand side of
(210). Obviously,

TNATA
/[;
T
S /
0

ples(, — bg) + Tr (k: (o(s,9L) — o (s, ws))T) ‘ s

QSQ;FCS(¢; - 1/15) + g5 Ir ((hs +0s® Z;) (U(S’ d)é) - G(S’ ¢8))T) ‘ ds.
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For our purpose, it suffices to prove the integrability of the right-hand side. When
r = 0, the volatility term is independent of the control and reduces to o(t, 1) = vy,
see Assumption A2 . Moreover, (o,h) € S?(F,R", Q) x M?*(F,R™*? Q). Then, by
Cauchy-Schwarz and Young inequalities,

T T 1/2
E |:/ qs |Qscs(w; - ¢s)| d3:| <CE |:/ (js(|93|2 + |7;Z);|2 + |’(/JS|2)dS:| < 400,
0 0

EUOT@

since o(s,1s) = o(s,¢)) = vs almost surely, for all s € [0,7]. Combining the last
two displays yields

=

Now, when r = 1, the volatility term o (s, 1%) — (s, 1) is no longer null and depends
linearly on the difference ¢, — 15. Moreover, the process g is bounded, see Lemma
33. Therefore,

and

T (0 + 00 29) (005, — o(s,00)) ") as| 0.

ples(, — s) + T (k: (o(s,) — o (s, ws))T) ‘ ds] < oo, (212)

T T b
E[/ qs\gscsw;—ws)ds}]scm [/ as(161] + [ ])ds| < +oo,
0 0 i

and, by Cauchy-Schwarz and Young inequalities, we further have

EUOTqS

T
< CE [ | atinp+1z:0+ ol + mr?)ds] < +oo,
0

T (0 + 00 22) (o(s,) — o(sv)” ) a

so that (212) is also true when r = 1. Thus, by dominated convergence theorem, we
have, for r € {0,1},

lim E [ / U (et =) + T (ks (o(0,00) — 0(0.0))")) ds]

A—+o00

~E { / (e — )+ T (ka (o(5,0%) — o, 2)) ")) ds] e

Step 3: conclusion. By (211) and (213), we can pass to the limit in (210), letting A
tend to +oo therein. Informally, this means that we can substitute T" for T'A 74 in
(210), from which we get

E[pr- (X7 — X7)] =E [ /0 ' (ples(@tl = ) + T (ks (o5, 00) = 0(s5,04)) ) ) ds] .

Finally, using that V,H(t, X¢, 9%, pe, ke, @) = 0 (see (195)), we have ¢V €(t, ;) +
¢f pi +rTr(o, k) = 0. Combining the above display with (208) and (209), we get

T
JW)=TW) =2E [/0 Gs (0(s,04) = £(s,0s) = Vpll(s,1)s) - (1 — 1)s)) ds} =0,

where, by strict convexity of £ and strict positivity of g, the last inequality is strict
whenever 1 # 1. O
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A Finite entropy and positive measures

The aim of this appendix is to clarify the representation of positive measures with
finite entropy, a task that is nontrivial due to their limited integrability properties.

Lemma 39. Let qr be an Fr-measurable random variable with values in Ry. Under
the conditions E[h(qr)] < +00, P({gr > 0}) =1 and E[gr] = 1, there ezists a unique
progressively measurable process Z* (with values in R?) such that

T
gr =1 +/ qs 25 - dWs. (214)
0

It satisfies %IEUOT qs|Z¥|?ds] = E[h(qr)]. Moreover, qr can be represented as

gr = &r </O zr. dWs> . (215)

Lastly, the process (q; = (&( [y Z5 - AWs))ieo.r) s true a martingale. It satisfies
Elg7] < 400, and is the unique solution to the SDE

t
G=1+ / G2t -dW,, te[0,T], (216)
0

within the class of continuous positive-valued and F-adapted processes.

As a consequence of the above lemma, the class Q is parameterized by the sole
given data g and Y*. Indeed, it suffices to apply the lemma above to the process
(exp(— fg Y ds)qt)iejo,r) to obtain the representation in equation (4), namely

T T
gr =1 +/ qsYrds + / qs 2% - dWs.
0 0

Proof. Step 1: representation of qr in the form (214). Let ¢ = Elgr|F], for t €
[0,7]. Tt is a strictly positive (continuous) martingale. By Llog L-Doob’s maximal
inequality, we deduce that E[g}] < +o0.

For any integer m > 1, we let ¢7' = g A m. By martingale representation
theorem, we can write

T
& = Elgi] + /0 Zm . dw..

Letting ¢;" = E[¢}'|F¢], for t € [0,T], we invoke L log L-Doob’s maximal inequality
again to deduce that there exists a universal constant C' > 0 such that

E | sup |g;" —¢f| < CE[max{0,|¢7" — qr|In(lg7" — qr])}]-

te[0,T

Obviously (since ¢7' = g7 if gr < m),

o7 — qr|In(lo7' — qrl) < qr[In(2q7)].

By dominated convergence theorem, we deduce that

< C lim E[max{0,|¢7 — gr|In(l¢7" —qr|)}] = 0.
m—00

0 <limsupE | sup |g;" — ¢
m—o0 te[0,T)
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In particular,

lim supE

M= keN  |te[0,T]

sup g/t — q%”l] = 0.

By Biirkolder-Davies-Gundy inequality, we further obtain that

T 1/2
(/ |z — Ztm+k|2dt> ] = 0.
0

By completeness of L'(Q2x [0, T], R, P®Lebjy 7)) (where R is the progressive o-field),
we deduce that there exists a process Z satisfying

([ )

T
qT:1+/ Zs - dWs.
0

lim supE

m—00 kEN

1/2

E < +00,

and

Since (qt)sejo,7) 18 continuous and strictly positive, we can let Zf = Z;/q;. We then
notice, from It6’s formula, that the process

1/t .
<h(Qt) - 2/ qs| Z3 |2d5>
0 te[0,T]

is a local martingale. In particular, one can find a sequence of stopping times
(0m)m>1, converging to T as m tends to +oo, such that for all m > 1,

B erma ) =38 [ [ alziPas]. @17)

We now prove that

su>p1E [l (g7 Ao, )] < 4o00.

Since
ITrom = Ear|Frac,) -

and because h is convex, we deduce that

E[h (47r0,)] < E[h(g7)],
from which we get, by applying Fatou’s lemma to the right-hand side on (217), that
1 T )
3| [ alz:Pas] < Blhiar)]
0

Conversely, by observing that the function h is lower bounded and then by applying
Fatou’s lemma to the left-hand side on (217), we get

sintan)] < 3| [ w2

By the last two identities, we deduce that the two terms on the above inequality are
equal.
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Step 2: representation of qr in the form (215). Recalling that (g:);c[0,7], as defined
in the first step, is continuous and strictly positive, we deduce that, a.s., it is lower
bounded by a positive constant. This proves that, a.s.,

T
/ |Z¥?ds < 400,
0

which makes it possible to define (& ([, Z5 - AWs))iepo, 1)
Moreover, one can compute the logarithm of the process ¢. By It6’s formula, we
get

2

qT:5T</ Z;.dws>.
0

This gives the expected representation of ¢p, and more generally of the process

(¢ = Elgr|Fi])seqo,r)-
Uniqueness to (216) can be easily checked by computing (g;/q:)se[o,r] and then by
proving that this ratio is constant (equal to 1), for any other solution ¢" = (q;)scpo,77-
]

1 T T
In(gr) = - / 22 [2ds + / 7r AW,
0 0

which says that

B A priori estimates on a linear SDE

Let g € Q and ¢ € A. In this section we provide technical results for controlled linear
SDEs, including S*(F,Q) and S?(F,Q) regularity of the solutions, with Q = ¢P.
With the same notations as in A1l and A2 , we consider the same generic controlled
equation as in (7), namely

dX; = (ar + b Xy + cptpy) dt + (v +rog(r)) AWy, Xo = 1. (218)

Following the first step in the proof of Lemma 35, we denote by I' = (I't);c[o,7] the
resolvent associated with the linear part of the equation, namely the solution (with
values in the space of n x n matrices) of

d
—I'y =u, I t T I'o=1,,
Q- tlt, € 10,17, 0

with I, standing for the n x n identity matrix. It is well-known that I'; is invertible
for any t € [0,7] and that the solution to (218) can be represented as

t

t
X =Ty <17 +/O ;1 (as 4 cotps) ds —l—/o Lo (v + ros(vs)) dWS> , te€l0,T].

Recalling assumptions Al and A2, that is to say [|llpe(zrr) + llallpeo@Ern) +
HbHL"O(F,R"X") + HCHL“’(F,R"X”) + HVHLOO(F,R"Xd) + ”O—HLOO(RR"XCI) < +00, we deduce
that there exists a constant C' > 0, independent of ¢, such that

T t
X;sc(w / ws|ds)+M;, Me=T [ TR o)A (219
0 0
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Lemma 40. The unique solution X to (218) belongs to S*~"(F,Q,R™), where r €
{0,1} is as in A2, and there exists a constant C, independent of q and 1, such that

E [qr|X7*7"] < C(1+8(q) + S*(v)).

Proof. We distinguish between the two cases r =0 and r = 1.
Step 1: case r = 0. We have that

t 2
I, / Ity dW
0

T
| X352 < 2C <1 +/ |¢5\2d3> +2 sup
0 t€[0,T]

Using that ||V oo gnxay + I oo ( Ry < +00 and [91, Theorem IV.37.8], we
know that A7 (whose square appears on the right-hand side) has sub-Gaussian
tails, i.e., M7 belongs to Lg;fz)(}"T, R) for a certain ¥ > 0. Therefore, by the duality
inequalities (13) and (14), there exists a constant C' > 0 which might increase from
line to line such that

T
E [gr X3 < C (1 IE [qT / rwsﬁds] + Elh(qr)] + E [expww;)?})

<C1+S8(q) +S (W) < +co.
Step 2: case r = 1. In this situation we have
T
X3 <C (1 +/ \wslds> M.
0

Introducing W; = W; — fg Z*ds and applying Girsanov’s theorem (see Lemma 39),
we have

T
E [qr|X3]] <CE {qT <1 + [ s + Wﬂ

T ¢
<CE |qr <1—|—/ |ths|ds + | sup Ft/ I (vs 4 os(2s))dW, )]
0 t€[0,7] 0
¢
+ CE |qr| sup Ft/ T v 4 05(1s)) Z2ds (220)
te[0,7] 0

On the one hand, by It6’s isometry (under the measure Q = Ep( [, Z5 - dW;)P) and

the assumption A2 on o, we have that
T 1/2
(/ (14 |s|*] ds> ] . (221)
0

On the other hand, by Fenchel-Young inequality, we also have that

t
E |ar | sup T [ Tl (w)ai| | < CES

te[0,T)] 0

t T
E sup rt/ I lo,(vs)Z2ds|| < CE [qT/ [1+ |s? + 1227 ds] (222)
0 0

te[0,T]

qr
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Combining (220) with (221) and (222), we obtain that
T T
Blorl Xl < OB [ar (14 [ ofas+ [ 122705 )]
0 0

<C (1 +E [QT /OT WJS\QdS] +E [h(QT)])
<C(14+8(q)+S8*(W)) < 400,

where the last two lines follow by duality inequality (14) between S and §*, conclud-
ing the proof. O

In fact, the proof of Lemma 40 can be easily re-examined to get the following
variant:

Lemma 41. Letr € {0,1} be as in A2 and X be the unique solution to (218). Then,
for any e € (0,1), there exist two constants Ce > 0 and c. > 0, independent of q and
1, such that

T
Elgr |X3] < Ce + coS(q) + <E [qT / \wsﬁds} ,
0

where the second constant is explicitly given by

_ 3
CS = 2/8€aT||FHLoo(F’Ran)HF 1”Loo(IF"Rn><n) <||I/HLOO(]F,RTLXCI) + EeaTHO'HLoo(]FJRnXan)) .

Proof. It suffices to adapt the computations developed in the second step of the
proof of Lemma 40 (whether r is equal to 0 or 1). Throughout the proof, the value
of e € (0,1) is fixed. In the following, we shall use repeatedly that, for any s € [0, 7],
Elgr] < exp(aT)Elgs] and

T T T
E [qT/O ]ws\st] =E UO E[qT|.7-"S]\wS|2ds} < TR UO qs|¢5]2ds].

The first term on the right-hand side of (220) can be easily bounded, by means of
Young’s inequality. We obtain

T T
E[qT <1+/0 |wsrds>] SE[qT (1+ca+§/0 |¢s|2ds)}
T
SCE+§IE [/0 q5|ws|2ds].

Similarly, by Jensen’s and Young’s inequalities, (221) yields

t
E |gr | sup Ft/ Fglas(ws)dWs]
te[0,7) 0
T 2 1/2
<E |qr / D o, (1s)ds ]
0

_ 2
<T|T|| oo (g IT | oo .y 17| oo .y E [a7]

T 1/2
T e oo [T e oy [ o e o E {qT /0 wsﬁds}

e T
<C:+ ZE [/ q5|1/)8|2d8] :
3 Lo
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And, (222) can be rewritten as

t
E |ar | sup T [ 1710 (0)27ds
0

te[0,77]

qr

T
< oo T e sy [ e g E [qT / rZ:\ds]
; T
+ IT || oo (g rmm) 1T 7| poo (g ey ||| oo (e xaxny B [(IT/ Ws||Z§’d5]
. 0
< T T oy I e sy 1] e g E [ IR |Z:|2>ds]

5 B T
+ geQGTHF”L"O(IF,R"X")HF 1HLOO(F’R7LX,L)HU||LOO(]F7Rn><d><n)E [/0 QS’Z:|2dS:|

c T
+-E [/ qs\zpsy?ds]
3 0
e T
<C+cS(q) + gE [/ qslws\st] ,
0

for some fixed constant C' > 0. Combining (219) and the three last displays, we
conclude that the desired inequality holds. O

Lemma 42. Let 1 = 0 and X € S*(F,R") be the associated solution to the state
equation (218). Then X7 € Sg@r’Lﬁ(FT,R”) when r =1 i A2. The result holds for

r = 0 under the condition 4"‘9LHF”%OO(IF’R’"«X”)||F_1||200(IE‘7]R"><")HV|‘%OO(F7R7L><d)T < 1.

Proof. Inequality (219) (with ¢ = 0) gives

t
X5 < C+ M}y, where M, :rt/ Iy dws.
0

Raising to the power 2 — r and multiplying by ¥ L both sides, then taking the expo-
nential and the expectation both sides yields

E [exp(ﬁL|X}|2_T)] < CE [exp (219L]M§5|2_T)] ,

for a constant C' > 0 which might have increased. We recall from [91, Theorem
IV.37.8] that, for

= |IT oo (g ey I 1 o g oy 1217 o (g ey T

it holds P({M# > y}) < exp(—y?/2k) for all y > 0, from which we deduce that
E[exp(20L(M3)?>7")] < 400 when r = 1. When r = 0,

E [exp (20L|M;[>")] <1+ 29L / eV’ (27L=3) dy,
R

which is finite whenever YLk < 1/4, hence concluding the proof. 0
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C Uniform integrability and convergence results

This section focuses on technical results regarding the weak convergence of random
variables, specifically addressing (weak) convergence in the Llog L(IF) space against
random variables having a finite exponential moment, and vice versa. As we shall
see, uniform integrability is key to establish convergence.

Lemma 43. Let (¢")ren be a Q-valued sequence, uniformly bounded in Llog L(TF),
(y*)ren be an L°(F)-valued sequence, uniformly bounded in L°(F), and (&*,0F)ren
be a collection of random variables in L'(Fr) x LY(F) satisfying for all ¥ > 0,

T
supE [exp <19\§§\ +/ exp <19|£]§|) ds)] < +o0. (223)
0

keN

Then, the sequences of random variables
ki,.k|ck k|, k|| pk
(ahlwhlic) o (ablwbiied))

are respectively uniformly integrable on Q and Q x [0,T], equipped with P and P ®
Lebjo,7), in the sense that

keN’ keN’

T
supE [gh[yfl[¢"]] < +o0, supE U QElyfllﬁfildS} < 400, (224)
keN keN 0
and for every € > 0, there exists § > 0 such that

VA€ Fr, P(A)<d=E [qé‘i\yéiﬂfk\]l/l] <e,
T (225)
VA € B([0,T]) ® Fr, (P®Leby) (4) <5=E [ / q§|y§|w§|uds] <e.
0

Proof. Obviously, we can assume without any loss of generality that the processes
(yk)keN are all equal to 1. Moreover, we just make the proof for the sequence
(q§|y§||€’§|)k€N, as the proof for (q;]?|y§l~||§k|)k€N is analogous.

Step 1: display (224) holds. The proof of (224) follows from the duality inequality
(13). If ¥ > 1 in the latter display, the term In(¢)z therein is positive, which leaves
us with

1
¥ < 5h(x) + exp(dz™), (226)

for every ¥ > 1 and for all z,2* > 0. We now apply this inequality with z = q% (w)
and z* = fOT |05 (w)|ds for any w € Q. Choosing ¥ = 1, we get

T T
E [qéi/ |€§|ds} <E [h (qé?)] +E [exp </ |€]§|ds>] .
0 0
By assumption (see (223)), the right-hand side is uniformly bounded with respect
to k € N. In order to derive (224), it suffices to recall, from the definition of Q

that there exists a constant C' > 0 such that, for any k € N, ¢* < CE[¢h|F;] (with
probability 1 under P).

Step 2: display (225) holds. Fix € > 0, and then choose ¥ > 1 large enough so that
1 €
5o [ (o) < 557
9 her )| =9¢cT
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with C as in the first step. By (226) (with z = |¢&| and 2* = |¢F]), we deduce that,
for A € B([0,T]) ® Fr,

T
E [ / qi“lﬂémds]
0

T
:/ E [qh1611a(s, )] ds
0
T

<9 B [hahE LG, )1 7] ds + /0 TE[exp (91651) E 145, )| 7] | ds

< g + /OTIE [exp (19]618“]) E[1a(s, )|.7:5]} ds.

By Cauchy-Schwarz’ and then Jensen’s inequalities,

T
E [/ q§|€§]]1,4ds}
0

¢ T 1/2
<5+ [(Lebpn @ P) (4)°E [ / exp (20]¢4]) ds}
0

T 1/2
< g +VT [(Leb[o,T} ® IP’) (A)] g [exp (219/ Ef‘d3>} )
0

and we conclude by invoking (223). O

Lemma 44. Let (¢")ren € Q be a sequence, weakly converging to q for the o(L', L>)
topology. For (&,£) € LY(Fr) x LY(F), assume further that the sequences (¢5&)ren
and (¢¥€s)ren are uniformly integrable. Then,

T T
lim E [q:’?ﬁ —i—/ qfﬂsds} =E [qTf +/ qsfsds} . (227)
k—+o00 0 0

Proof. We only show the convergence of (¢%0s)ken, the proof for (¢5¢&)ken being
analogous. Let (£,¢) € L™ (F) x L*(F). By weak convergence, we have

T T
lim E [/ qfﬁsds} =K {/ qsﬁsds] . (228)
k—>+<>o 0 0

Now, by uniform integrability (see Lemma 43), we also have

T
lim R*=0, with R*:=supE [/ q§€51{55>a}d8} .
a—+oo keN 0 B

With this notation, we have, for any a > 0,

T T
limsup E [/ qgﬁsds] <limsupE [/ qfﬁsﬂ{|gs<a}ds] + R“. (229)
0 0

k—+o0 k—+o00

Here, we can use (228) in order to identify the superior limit in the right-hand side.
And then, letting a — +00, we deduce from (229):

T T
limsupE[ / qusds} gﬂz[ / qsesds]. (230)
0 0

k—+o0
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Changing ¢ into —¢, we also have

T T
liminf E [/ qfﬁsds] >E [/ qsﬁsds} ) (231)
0 0

k—+o0

Combining (230) and (231) yields that

T T
lim E [/ q?ﬂsds} =K [/ qsfsds] ,
k—+o0 0 0

which concludes the proof O

D Distance and differentiability on spaces of non-negative
measures

D.1 Generalized Wasserstein distance

We here establish the equivalence between the notion of continuity used in Section
4.1 and the notion of generalized p-Wasserstein distance introduced in [88] (see also
[43]). We recall the following definition (using the notations introduced in Section
4.1, in particular the distances dp, and W),):

Definition 45. Let p > 1 and p,v € MpH(R™). We call generalized p- Wasserstein
distance between p and v the quantity

inf {Wp(i, v) + llw = alley + v = Zllrv )

Whext(p,v) = 1
pet( V) = e p B By

The fact that W) ex¢ is a distance is established in [88, Proposition 1]. We state
below the main result of this section. To do so, we recall that a subset E C M, (R")
is said to be p-uniformly integrable if

sup/ (1 +|z/")dpu(z) < 400,  lim sup/ 1{jz>a}l@[Pdu(z) = 0.
weE JRn a—=+00 cf Jrn -

We claim

Proposition 46. For a given p > 1, let b : Mp(R™) — R. Then, 9 is continu-
ous with respect to Wy ext on any subset of p-uniform integrability, if and only the
following two properties hold:

1. 1 is continuous with respect to d,, uniformly on subsets of p-uniform integra-
bality;

2. on any isomass subset of My(R™), 1 is continuous with respect to W,

Pay attention that continuity of 1 is just restricted to subsets that are p-uniformly
integrable: equivalently, we require that ¥ (um,) — ¥(p) for any sequence (fm)m>1
that converges to p in M, (R"™) with respect to W), cxt and that is p-uniformly inte-
grable (recall that convergence in M, (R"™) does not guarantee p-uniform integrabil-

ity).
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Proof. We first prove the implication (direct sense). We thus assume that 1) is
continuous with respect to W), cxt on any subset of p-uniform integrability. Obviously,
any sequence that converges with respect to W), on an isomass subset of M,,(R") is p-
uniformly integrable and converges with respect to W), ext. Therefore, 1) is continuous
with respect to W), on any isomass subset. This is item 2 in the statement. In order
to prove item 1, consider a sequence (fm,)m>1 that converges to some limit g, in
My, (R™) equipped with d,. Clearly, it is p-uniformly integrable. Moreover, by [88,
Theorem 3|, (ftm)m>1 converges to p with respect to Wp ext. By continuity of ¢ with
respect to W), ext, this shows that ¥ () — (1) as m — +o0. Continuity is uniform
on any subset of p-uniform integrability. This follows from a standard compactness
argument, as any subset of p-uniform integrability is relatively compact for W), exs.

We now establish the converse, assuming that 1 satisfies items 1 and 2 in the
statement. We thus consider a p-uniformly integrable sequence (i, )m>1 that con-
verges to some limit g, in Mp,(R™) equipped with W), ext.

If u(R™) = 0, then [88, Theorem 4| says that (u)m,>1 converges to the null
measure in M,(R™). By item 1 in the statement, we deduce that (™) — ¥(u) as
m — 400, as expected.

We thus assume that p(R™) > 0. By definition of W) ey, we can find two se-
quences (fi"™)m>1 and (0™),,>1 such that, for each m > 1, ™ is dominated by p"™,
™ is dominated by p, and g™ (R"™) = 0"™(R"™), and

lim [Wy(a™,o™) +[[u™ — @™ [lrv + |[u = 7™{|rv] = 0.
m—o0
In particular, p™(R"™) — pu(R™). Therefore, without any loss of generality, we can
assume that p™(R™) > 0 for any m > 1, which makes it possible to let

=m0\ /’L(Rn) S~ 7 () = N(Rn) omy(.
i ()_W(Rn)“ OF () R ()-

It is easy to see that W,(@™,7"™) tends to 0 as m — +o00. Moreover, the sequence
(f"™)m>1 is p-uniformly integrable because (u™)n,>1 is p-uniformly integrable, and
each " is dominated by Cpu™, for a constant C independent of m. Obviously,
(0"™)m>1 is also p-uniformly integrable (because 0™ is dominated by Cp, for a pos-
sibly different value of C, but still independent of m). Since 1 is W)-continuous on
the subset of measures with constant mass equal to u(R™), it is in particular equi-
continuous on any subset of p-uniformly integrable measures with constant mass
equal to p(R™). Therefore, by item 2,
: —m —m\| __
LGim (™) — (™)) = 0.

It remains to see that ||u™ — @"||pv — 0 as m — +oo. Since the two sequences
("™)m>1 and (1"™)m>1 are p-uniformly integrable, we deduce that d,(u™, ™) — 0
as m tends to +oo. By item 1 (using the fact that continuous is uniform on subsets
of uniform p-integrability), we deduce that

lim [y (u™) = (p™)] = 0.

m—-+00
Similarly,
i [() — ()] =0
By combining the last three displays, we complete the proof. O
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D.2 Differentiability

The purpose of this subsection is to prove Lemma 14.

Proof of Lemma 14. To simplify, we prove the result assuming that A9 holds true

without any restriction on the mass of p.
We first establish (55). Given p € My_,.(R"), we deduce from (42) (together
with the continuity of the derivative in dy_,) that, for any ¢ > 0 and any x € R",

Lsa
G(u+tdy) =1t [ — (u+6tdy,x)do.
0 Ou

And then, for any integer £ > 1, any t1,...,t, > 0 and any z1,...,x; € R",

14
G <,U + Z tiéﬂ?i) —G(p)
i=1
¢

; i—1
:Z G N"‘Ztﬂ'é%‘ -G /‘+th5%‘
; = j=1

i=1
L 1 i—1
0G
=>4 e M+th5xj + 0t:0,,,x; | df
i=1 j=1
! 5G A ¢
= / 57 n+ thérj + Qtiémi,y d <Z t15m1> (y) do.
0 Rn Ol = im1

By continuity of 0G/du in the measure argument, we deduce that

d ‘ 5G ‘
@‘EZO—FG (M + Eztidwi> = an E (M:y) d (; t26$z> (y)

i=1

And then,
¢
G (u - th‘%) — G(n)
=1
! 5G ¢ ¢
N /0 /R” o MJFHZt"éz“y B Zti%— (y)| do.
i=1 i=1

Now, we can approximate any given v € May_,(R") by measures (v*);>; with the
same mass, but with each being supported by a finite set; the approximation holds
true with respect to Wa_,.. For each ¢ > 1, we have

Glu+ ") — G(p) = /01 [/}Rn ((SSi (u + Hug,y) dye(y)} dé. (232)

We denote by 7 an optimal coupling between v and vf. Using the third line in (44),
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we have

[ 5 (wroty)a(v -v) <y>]
S/ oG
R7 xR"

0G
< <:u + 97/673/) - E (:U’ + Gyz’z) d’]’[‘e(y’z)
<O (14 Mgl ) [ (gl — el ().

Op
R xR™

Observing that the moments (Ma—,(v%))s>1 are uniformly bounded (because the
convergence holds true with respect to Ws_,) and using Cauchy-Schwarz inequality
to handle the last term in the right-hand side when r = 0, we deduce that the
left-hand side in the above display tends to 0 as ¢ tends to +oc.

Using the continuity of 6G/du in p with respect to Ws_, on isomass subsets, and
the growth condition (44), we can pass to the limit in (232). We get

1
Gl )~ G = [ [ [ %8 o) du(y)] a6.

And then, for any € € [0, 1],

1
G-t -Ga-am=c [ | [ S0 cu+etmpant) o

1

0G

< [ S wavt)] as +ofe)
0 L/rn OH

where o(g)/e — 0 as € tends to 0, with the last line following from (45). Performing

a similar expansion for v = y, we obtain

e -apren = [ S updly )

from which we deduce that

1

6w) -GG = [ [ 5 -+ ovaai - i) .
0 R OH

Choosing v = (¢'Px and pu = (¢PPx), this completes the proof of (55).

It remains to prove (56). Generally speaking, it is a consequence of [35, Proposi-
tion 5.44], applied on the space (Q, F,¢P/E(q)). Indeed, following Remark 13, we can
apply [35, Proposition 5.44] to the function X € L*(Q,F,qP/c) — G ((¢P/c)x),
where ¢ == E[q] and G (1) = G(cp). We obtain (56) when X satisfies E[q|X|?] <
+00. When X is just in L1(Q, F,¢P), we can approximate it, in L!(¢P), by a se-
quence in L?(€2, F, ¢qP); we then apply (56) to the approximating subsequence and
then pass to the limit using (44) and (46). O
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